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Abstract 
(N 

^ I We consider the ground state of an atom in the framework of non-relativistic 

o> . 

V^ , qed. We assume that the ultraviolet cutoff is of the order of the Rydberg energy 



p 



and that the atomic Hamiltonian has a non-degenerate ground state. We show that 
the ground state energy and the ground state are fe-times continuously differentiable 
^? , functions of the fine structure constant and respectively the square root of the fine 

structure constant on some nonempty interval [0, c^). 



j^ 1 Introduction 



a 



Non-relativistic quantum electrodynamics (qed) is the theory describing the interactions 
between electrically charged non-relativistic quantum mechanical matter and the quan- 
tized electromagnetic field. In this paper we investigate expansions of the ground state 
and the ground state energy of an atom as functions of the fine structure constant a, 
as a tends to zero. In [3l H] it was proven that there exists an asymptotic expansion 
involving coefficients which depend on the coupling parameter a and have at most mild 
singularities. In [TJ [121 [13] related expansions of the ground state energy were obtained 
and it was shown that logarithmic divergences can occur in non-relativistic qed. On the 
other hand it was shown that an atom in a dipole approximation of qed (which effectively 
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leads to an infrared regularization) has a ground state and ground state energy which are 
analytic functions of the coupling constant [10]. 

This paper can be viewed as a continuation of [T7], where it was shown that the ground 
state as well as the ground state energy of the atom are analytic functions of the coupling 
constant, g, which couples to the vector potential. Moreover in [17] it was shown that 
in an expansion in powers of g, the corresponding expansion coefficients are bounded as 
functions of a coupling constant, /3, which originates from the coupling to the electrostatic 
potential. The main result of this paper states that these expansions coefficients are 
C°° functions of /3, and we obtain satisfactory bounds on the first k derivatives with 
respect to /3. We consider an atom which is coupled to the quantized radiation field in 
a scaling limit where the ultraviolet cutoff is measured in units of Rydberg. This scaling 
limit is a reasonable limit to study the properties of atoms. For example in this scaling 
limit estimates on the lifetimes of metastable states [T5l E] were proven, which agree 
with experiment, see also [1]. Moreover, it was shown [11] that the ionization probability 
agrees with calculations done by physicists. As a corollary of the main result of this paper, 
we show that the ground state and the ground state energy have convergent power series 
expansions, with a dependent coefficients which are C°° functions of a > 0. We show that 
the ground state energy as well as the ground state are fc-times continuously differentiable 
functions of a respectively a^/^ on some nonempty interval [0,Cfc). Moreover, it follows 
that the ground state as well as the ground state energy are given as an asymptotic series 
in powers of a^^^ and a, respectively, with constant coefficients. These coefficients can be 
calculated by means of ordinary perturbation theory in a straight forward manner. As a 
consequence of our result it follows that in the scaling limit where the ultraviolet cutoff 
is of the order of the Rydberg energy no logarithmic terms occur. This clarifies an issue 
which was raised in |1], see the remark on Page 1031 therein. 

Let us now address the proof of the main result. It is well known that the ground state 
energy is embedded in the continuous spectrum. In such a situation regular perturbation 
theory is typically not applicable and other methods have to be employed. To prove the 
existence result as well as the analyticity result we use a variant of the operator theoretic 
renormalization analysis as introduced in [5J. An important ingredient of the proof is 
that by rotation invariance one can infer that in the renormalization analysis, terms 
which are linear in creation and annihilation operators do not occur. This is explained in 
|17j . In that case it follows that the renormalization transformation is a contraction even 
without infrared regularization. A similar idea was used in a paper to prove existence 
and analyticity of the ground state and ground state energy in the spin-boson model [16] . 
In the proof we will use results obtained in [16] and [17]. We note that similar ideas 



were used also in [10] . The main new ingredient in the proof is the control of derivatives 
with respect to the parameter /3. The main estimates which control these derivatives are 
contained in Theorem [12] and Lemma [I3] for the initial Feshbach transformation and in 
Lemma [23l Theorem [201 and Theorem [25] (d) for the renormalization transformation. The 
most delicate estimates are used in the proof of Lemma [13] and Theorem [201 and can be 
considered as the key ingredients of the proof. 

2 Model and Statement of Results 

Let ((), (■, ■)(,) be a Hilbert space. We introduce the direct sum of the ra-fold tensor product 
of f) and set 

oo 
n=0 

where we have set f)*^*^ := C We introduce the vacuum vector Q := (1,0,0, ...) G J^(f)). 
The space J^{i)) is an inner product space where the inner product is induced from the 
inner product in f). That is, on vectors r^i ® ■■■ ?7„, y^i ■■■(/)„ G J-'*-"''(()) we have 



('71 ® ■ ■ ■ '7n, V'l ® ■ ■ ■ ^n) ■= YliVi, Vi) 



Hi)- 



i=l 



This definition extends to all of J^(f)) by bilinearity and continuity. We introduce the 
bosonic Fock space 

OD 

^s{^) := 0-^i^nW, -^fHW := ^n^^-HW, 

n=0 

where Sn denotes the orthogonal projection onto the subspace of totally symmetric tensors 
in J^^'^\\)). For /i G fi we introduce the so called creation operator a*{h) in J^i(f)) which 
is defined on vectors r/ G J-"] (f)) by 



a*{h)r]:=V^r+lSn+i{h®rii). (1) 

The operator a*{h) extends by linearity to a densely defined linear operator on T{\)). One 
can show that a*{h) is closable, c.f. [20], and we denote its closure by the same symbol. 
We introduce the annihilation operator by a{h) := (a*(/i))*. For a closed operator A E i) 
with domain D{A) we introduce the operator T{A) and dr{A) in J^(f)) defined on vectors 
r] = 7]i®---®r]n^ J-(")(f)), with r]i G D{A), by 

r(A)r7 = Ar]i®---®Ar]n 



and 

n 

dT{A)7] = ^ r^i (g) ■ ■ ■ (g) r7i_i ® Ar]i (g) 77^+1 (g • • ■ (g 77^ 

and extended by linearity to a densely defined linear operator on -7-'(f)). One can show 
that dr{A) and r(y4) are closable, c.f. [20], and we denote their closure by the same 
symbol. The operators T{A) and dr{A) leave the subspace J^^(f}) invariant, that is, their 
restriction to J-'s(f)) is densely defined, closed, and has range contained in J^s{^)- To define 
qed, we fix 

t) := L2(M3 X Z2) 

and set J-" := J^s{^)- We define the operator of the free field energy by 

Hf := cir(M^), 

where (jj{k,\) := uj{k) := \k\ and M^ denotes the operator of multiplication with the 
function ip. For / G f) we write 

«*(/) = E f fikA)a*{k,X), a{f) = J2 IWA)a\kA). 

where a(A;, A) and a*(fc. A) are operator-valued distributions. They satisfy the following 
commutation relations, which are to be understood in the sense of distributions, 

[a{k, A), a*{k\ A')] = 5xx'5{k - k'), [a*{k, A), a*{k', A')] = , 

where a* stands for a or a*. For A = 1, 2 we introduce the so called polarization vectors 

e{-,X) ■.S^:= {keR^\\k\ = 1}^W^ 

to be measurable maps such that for each k & S"^ the vectors e{k, l),e{k,2),k form an 
orthonormal basis of M^. We extend £:(-, A) to M^ \ {0} by setting e{k, A) := e{k/\k\, A) 
for all nonzero k. For s G M^ we define the field operator 

^a(^) = E / ^'^tM [e~''Mk, X)a*ik, A) + e^''-e{k, \)a{k, A)] , (2) 



A=l,2' 



where the function ka serves as a cutoff, which satisfies KA(/i;) = 1 if |/i;| < A and which 
is zero otherwise. A > is an ultraviolet cutoff, which we assume to be finite. Next we 
introduce the atomic Hilbert space, which describes the configuration of A^ electrons, by 



"Hat ■■= {ip eL (M )|^(x^(i),...,x<^(Ar)) = sgn(a)?/'(xi, ..., Xat), O" G ©at}, 
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where &n denotes the group of permutations of N elements, sgn denotes the signum 
of the permutation, and Xj G M.^ denotes the coordinate of the j-th electron. We will 
consider the following operator inTi := Hat ® J-", 

N 

Hg,p= ■.Y.^Pj + gA^{f3x,)f:+V + Hf, (3) 

i=i 

where pj = —idxj, V = V{xi, ...,xn) denotes the potential, and : (■) • stands for the 
Wick product. We will make the following assumptions on the potential V, which are 
related to the atomic Hamiltonian 

H,, := -A + V, 

which acts in Hat- We introduced the Laplacian —A := J2j=iP'j- 

Hypothesis (H) The potential V satisfies the following properties: 
(i) V is symmetric under permutations and invariant under rotations, 
(ii) V is infinitesimally operator bounded with respect to —A. 
(iii) Eg^t '■= inf ^"(ifat) is a non-degenerate isolated eigenvalue of ifat- 

Note that for the Hydrogen, A^ = 1, the potential V{xi) = — |a;i|~ satisfies Hypothesis 
(H). Moreover (ii) of Hypothesis (H) implies that Hg^js is a self-adjoint operator with 
domain D{—A + Hf) and that Hg^p is essentially self adjoint on any operator core for 
—A + Hf, see for example [181 HI]- For a precise definition of the operator in (|3]), see 
Appendix A. We will use the notation Dr{w) := {z E C\\z — w\ < r} and Dr := Dr{0). 
Let us now state the main result of the paper. 

Theorem 1. Assume Hypothesis (H) and let A; G Nq. Then there exists a positive constant 
go such that for all g G Dgg and (3 & M. the operator Hg^p has an eigenvalue Ejslg) with 
eigenvector ip 13(g) and eig en-pro j ection Pp{g) satisfying the following properties. 

(i) For (? G M n Dg^^ we have E^i^g) = mia^Hgj^), and for all g G Dg^^ we have Pj3{g)* = 

(a) g y-^ E(^.){g), g 1— ;■ ip(.){g), and g 1— ;■ P{-){g) are analytic functions on Dg^ with values 
mC|(M), C^(M;7/), and C^{R;B{n)), respectively. 



(in) There exists a finite and positive C such that for all g G Dg^ we have 



\\E{.)ig)\\c^:{R) < C, ||^(.)(^)||c*(R;H) < C, \\P{-)ig)\\cH^;Bm) < C. 

The next result states that the expansions coefficients of the eigenvalue, eigenfunction, 
and the corresponding eigenprojection are C°° as functions of /3. 

Corollary 2. Assume Hypothesis (H) and let A; G Nq. Then there exists a positive 
constant go such that for all g G Dg^ and P eM. the operator Hg^p has an eigenvalue Ef^^g) 
with eigenvector tp/slg) and eigen-projection Ppi^g) satisfying the following properties. On 
Dgg we have the convergent expansions 

oo oo oo 

n=0 n=0 n=0 

There exist finite and positive constants C and r such that 

||p(2n)|| ^ ^ 2n |L/,(")|| , ^ r'-r" llp(")|l , -^Tr-^ 

||-C/(.) llcfe(M) S '^r , \\%l>f^-^ \\C^(R-H) ^ '^^ ) \\^(.) I|C'=(M;S(W)) ^ '^^ ■ 

The expansion coefficients are as functions of {3 inC°^{M), C°°(M;'H), andC°°{^]B{l-L)), 
respectively. 

Various conclusions can be drawn from Theorem [H For instance, if we set /3 = a > 
and g = o?!'^ then we obtain the following corollary. It states that the ground state and 
the ground state energy of an atom in qed, in a scaling limit where the ultraviolet cutoff 
is of the order of the Rydberg energy, can be differentiated arbitrarily many times as 
functions of a and a^/^, respectively, provided one chooses a sufficiently small (depending 
on the number of derivatives). As a conclusion it follows that no logarithmic terms appear 
in this scaling limit. 

Corollary 3. Assume Hypothesis (H). There exists a positive a^ such that for < a < ao 
the operator H^z/2 ^ has a ground state il){a^/'^) with ground state energy E[a) such that 
we have the convergent expansions on [0, ao) 

cx) oo 

E{a) = J^i^r^a^", ^(a^^) = J^^^^W^/'. (5) 

n=0 n=0 

The coefficients Ea and ^a are as functions of a in C°^([0,oo)) and C°°{[0,oo);'H), 
respectively. For every k E Nq there exists a positive Oq such that ■?/'(■) and E(-) are 
k-times continuously differentiable on [0,aQ ). 



In [3l H] it was shown that there exist coefficients of the type ([5]) which have slower 
growth than a~* for any t > 0. Corollary [3] states that the coefficients Ea and ipa 
are in fact smooth. Let us note that Corollary [3] implies the following corollary which 
states that the ground state and the ground state energy can be written in terms of an 
asymptotic series with constant coefficients in the sense of |19j . 



Corollary 4. Assume Hypothesis (H). There exist formal power series with constant 
coefficients Yl^=o c*^"''^"^^ and Yl^=o e'-'^^a" which are asymptotic to the ground state and 
the ground state energy of H^3/2 „ as a 10, respectively. 

In view of Corollary [3] and the continuity in the infrared cutoff which has been estab- 
lished in |T7] one can calculate c*^"-* and e^*^-* of Corollary H] using for example ordinary 
Rayleigh Schrodinger perturbation theory to determine ffist -ipa and Ea , in Eq. ([5]), 
and then using a Taylor expansion of these coefficients. 

3 Outline of the Proof 

The main method used in the proof of Theorem [1] is operator theoretic renormalization 
O [2] and the fact that renormalization preserves analyticity [lOl [16] . The renormalization 
procedure is an iterated application of the so called smooth Feshbach map. The smooth 
Feshbach map is reviewed in Appendix B and necessary properties of it are summarized. 
In this paper we will use many results stated in the previous papers [IE] and [17]. The 
generalization from the Fock space over L^(]R'^), as considered in [T6], to a Fock space 
over L^(M'^ x Z2) is straight forward. To be able to show that the renormalization trans- 
formation is a suitable contraction we use a rotation invariance argument, as explained 
in [1?]. The main new ingredient is to control derivatives with respect the /3. The sub- 
tleties originate from the reparameterization of the spectral parameter In Section H] we 
define an SO (3) action on the atomic Hilbert space and the Fock space, which leaves 
the Hamiltonian invariant. In Section [5] we introduce spaces which are needed to define 
the renormalization transformation. In Section [6] we show that after an initial Feshbach 
transformation the Feshbach map is in a suitable Banach space. This allows us to perform 
a renormalization analysis, which is the content of Section [71 We use results from [16j 
and complement it with new estimates needed to control differentiation with respect to 
/3. In Section [8] we prove the contraction property of the renormalization transformation. 
In Section [9] we put the pieces together and prove Theorem [H The proof is based on 
Theorems [10] and [251 



We use the notation IR+ = [0,oo). For a multi-index m G Nq we use the usual 
convention |m| = X]j=i^™« ^^^ "Hi}- ~ Y[i=ii''^i^-) ■ ^^ shall make repeated use of the so 
called pull-through formula which is given in Lemma |2S1 in Appendix A. We refer the 
reader to the appendix for notation of function spaces and will use Lemma ED Finally, let 
us note that using an appropriate scaling we can assume without loss of generality that 
the distance between the lowest eigenvalue of if at and the rest of the spectrum is one, i.e., 

^at,l - ^at = 1, (6) 

where ii^at,i := inf {cr(/fat) \ {Eat}}- Any Hamiltonian of the form (j3]) satisfying Hypoth- 
esis (H) is up to a positive multiple unitarily equivalent to an operator satisfying (EJ and 
Hypothesis (H), but with a rescaled potential and with different values for A, f3, and g, 
see [m. 

4 Symmetries 

Let us introduce a representation of 5*0(3) on "Hat and f). For details see [17]. For 
R G 50(3) and ip G "Hat we define 

Wat(-R)^(xi, ..., Xn) = tpiW^Xi, ...,R'^Xn)- 

To define an 5*0(3) action on Fock space it is convenient to consider a different but 
equivalent representation of the Hilbert space f). We introduce the Hilbert space f)o := 
L^(M^; C^). We consider the subspace of transversal vector fields 

i)T:={fei)o\k-f{k) = 0}. 

It is straightforward to verify that the map : f) — t- t)^ defined by 

(0/)(fc):= 5^/(A;,A)5(A;,A) 

A=l,2 

establishes a unitary isomorphism with inverse 

(0-V)(fc,A) = /(fc)-e(A;,A). 
We define the action of 5*0(3) on \:)t by 

{UT{R)fm = RfiR-'k). 
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The function R\-^ (f) ^V(t{R)<I) defines a representation of 5*0(3) on f) which we denote by 
Wf,. This yields a representation on Fock space which we denote by Ujr. It is characterized 
by 

uAR)a*{f)UARy = a*(Ui,{R)f) , u^{R)n = n. 

It is straight forward to show that the Hamiltonian Hgp is 5*0(3) invariant. 



5 Banach Spaces of Hamiltonians 

In this section we introduce Banach spaces of integral kernels, which parameterize certain 
subspaces of the space of bounded operators on Fock space. These spaces are used to 
control the renormalization transformation. Then we introduce Banach spaces, which we 
call extended Banach spaces, which are used to control derivatives with respect to /3. 

The renormalization transformation will be defined on operators acting on the reduced 
Fock space l-ired '■= Prcd^i where we introduced the notation Pj-ed := X[o,i](-f^/)- We will 
investigate bounded operators in i3('Hrcd) of the form 

H{w):= Y, Hm,nH, (7) 



m+n>0 



with 



-^m,n\U! ) ■ -^m,n\U!m,n) J 



Hrn,n{'^m,n) ■= P^odj^^^ ^K^V^n a* {K^'^^)w„,,,{H f , K^'^'^^)a{K^^^) P,,^, m + n > 1, 



where Wm,n G -^°^([0, 1] x 5™ x 5") is an integral kernel for m + n > 1, Wo,o ^ -^°°([0, 1]), 
and w denotes the sequence of integral kernels {wm,n)m,n€N'^- We have used and will 



henceforth use the following notation. We set K = {k, A) G R^ x Z2, and write 

X:=XxZ2 , 5i := {x gM^||x| < 1} 

K^^^ := {K,, ..., KJ e {R' X Z2)™ , ir(") := {K,, ..., K^) G (M^ x Z2)" 



(Al,...,Am,Al,...,An)G2 



n 



c^A;(™) := Y[d^ki, dk^""^ ■=Y[d^kj, dK^""^ := rfi^(™'°), t/i^(") := rfi^(°'"), 

i=l i=l 

I T^{m,n) I — I ^(m) I . I 7>^(n) i i Ty-{m) i — \hA ■ ■ Ah I I R'^™) I — \1<-A ■ ■ AIc I 

n 

S[kM]:=^|A;„|. 
Note that in view of the pull-through formula (IHl) is equal to 

(9) 
Thus we can restrict attention to integral kernels Wm,n which are essentially supported on 
the sets 

Q^^ := {(r,i^("'")) G [0,1] X F5"+" I r < l-max(S[ir('")],S[^(''")])}, m + n>l. 

Moreover, note that integral kernels can always be assumed to be symmetric. That is, 
they lie in the range of the symmetrization operator, which is defined as follows, 

^KivH^;^^^^'^^) := ^^^7^ XI ^WM,N{r,K^(i),...,K^(^N),K^{i),...,K^(^M))- (10) 

Note that ([H]) is understood in the sense of forms. It defines a densely defined form 
which can be seen to be bounded using Lemma [271 Thus it uniquely determines a bounded 
operator which we denote by Hm,n{uim,n)- This is explained in more detail in Appendix 
A. We have the following lemma. 

Lemma 5. For Wm,n ^ L°°i[0, 1] x MT x B_1) we have 

\\Hm,n{'^m,n)\\ < \\Wm,n\\ooin\m\y^/'^ . (11) 
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The proof follows using Lemma [27] and the estimate 

where S^^^ := {(ir("^),E^(")) e 5™+" |S[ir(")] < 1,S[^(")] < 1}. The renormalization 
procedure will involve kernels which lie in the following Banach spaces. We denote the 
norm of the Banach space L°°(5™^"'; C[0, 1]) by || ■ ||oo- We shall identify the space 
loo^^rn+n. ^[q^ ^-^ ^j^j^ ^ subspacc of L°^([0, 1] X 5™+") by setting 

w™,„(r,ir('-'")):=w^,„(ir("^'"))(r). 
This identification is used for example in (i) and (ii) of Definition [61 

Definition 6. We define W*„ to be the Banach space consisting of functions Wm,n £ 
L°°[R'^^^; C^[0, 1]) satisfying the following properties: 

(i) Wm,n{^ -Xq ) = 0, form + n>l, 

— m,,n 

(ii) w.in,n{i", K^"^\ K^"^) is totally symmetric in the variables K^'^'^ and i^(") 
(Hi) the following norm is finite 

II \\4t II II , u r\ II 

Will W "^ Will -\- Wrj 111 

\\'^m,n\\ ■ II "^m.,ji||oo T^ ||'-^r "-'m,n||oo- 

For < ^ < 1, we define the Banach space 

(m,ra)GNg 

to consist of all sequences w = (ti'm,n)m,neNo satisfying 

\H\t-= E r^'"+"^lkn.,n||*<00. 

Given w G WJ, we write w>r for the vector in WT given by 

_ J Wm,n , if m + n > r 
I U , otherwise. 

For w G yvt ^ it is easy to see using ( ITTj) that H{w) := Ylimn^fn^niw) converges in 
operator norm with bounds 

\\H{w>r)\\<C\\w>r\\t- (13) 

11 



We shall use the notation 

m+n>l 

We will use the following theorem, which is a straightforward generalization of a theorem 
proven in [2] . A proof can also be found in [16] . 

Theorem 7. The map H : yvf -^ B{'Hrcd) is injective and bounded. Moreover \\H(w)\\ < 

Mt- 

The integral kernels depend on the spectral parameter. To accommodate for this we 
introduce the Banach space W^ := C%{Di/2; Wf) with norm 

||w||^ := sup ||u7(2;)||f 

Moreover, the integral kernels depend on the coupling constants. We introduce the fol- 
lowing Banach space 

W^''\S):=C%^\SxR;Wf), 

with the norm 

\\w\\fl:= sup V^~"-"max ||(9U(/3,s)„,„||#. 

Observe that this norm is different but equivalent to the natural norm, 

max sup y^ ^^"'~"-\\d0w{/3,s)mn\\* < \\w\\fl < k max sup y^ ^'"^~'^\\diw{l3,s)mr. 

For notational compactness we will use an abbreviation for the case 5* = -D1/2 and set 
y^ik) __ ^iu^,k)^^^^^-^ ^^^ II _ ||(fc) _ II _ ||W_ ^g introduce the Banach space 



l# 



>Vf''):=C^(M;Wf), \\-\\f''l 



with the norm 

i(#,fc) 



,w||;'" ' :=supV^ ™ "max ||9iw;(/3)™,„||*. 
/3eR — 0</<fc 

^ m,n 

For w G W^ we will use the notation Wm,n{z,-) := {wm,n{.z)){-). We extend the 
definition of if (■) to W^ in the natural way: for w G W^, we set 

(Hiw)) (z) := H{w{z)) 

and likewise for Hm,n{-) and W[-]. We say that a kernel w G W5 is symmetric if Wm,n{z) = 
Wn,m{z) for all z G -Di/2- Note that because of Theorem [7] we have the following lemma. 
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Lemma 8. Let w G Wj. Then w is symmetric if and only if H{w{z)) = H{w{z))* for all 
z E Di/2. 

We define on the space of kernels W*„ a natural representation of SO (3), U, which 
is uniquely determined by 

H{U{R)Wm,n) = U{R)H{Wm,r.)U*{R), Vi? G 50(3), (14) 

[T7] . The representation on W*„ yields a natural representation on W? , which is given 
by (U{R)w)m,n = ^{R)u)m,n for all R G 5*0(3). It lifts to a represention on W^ by 
setting {U{R)w){z) = U{R)w{z) for all w G W^. We say that a kernel Wm,n ^ ^mn is 
rotation invariant if U{R)wm,n = Wm,n and we say a kernel w G W|^ is rotation invariant 
if U{R)w = w. We will use the following lemma which is proven in [T7] . 

Lemma 9. (i) Let Wm,n G W*„. Then H{wm,n) is rotation invariant if and only if Wm,n 
is rotation invariant. Let w G Wf. Then H{w) is rotation invariant if and only if w 
is rotation invariant, (ii) If Wm,n G VV* „ with m + n = 1 is rotation invariant, then 

Wm,n = 0. 

We will use the following polydiscs to define the renormalization transformation. 

B*{a,(3,^):={weW*\\\drWo,o-l\\oo<a, |wo,o(0)| < /3, |k>i||f <7}, 

Bo{a,/3,'-y) := {w G B{a, f3,'y)\w{z) is rotation invariant for all z G -D1/2 } 

To control the derivatives with respect to /3, we introduce the following extended polydisc. 

B^*''\a,/3,j) := [w G Wf •')|||a,u7o,o - 1||c^(R;C,[o,i]) < «, lko,o(0)||c^(M) < (3, |k>i||f ''^ < 7 



sup \\drWofl{z) - l\\oo < a, sup \Wofi{z,0) + z\ < /3, \\w>i\\^ <-f 



fiW(a,/3,7):= IweW^''^ 



« 



sup \\drWofi{z) - l||c*(R;Cs[0,l]) < ", 
2G-Di/2 



I (k) 
2e-Di/2 

Bq (a,/3,7) := {w G i3''^''(a,/3,7)|ti?(z) is rotation invariant for all z G D1/2 }. 



sup ||u;o,o(2;,0) + z||c'=(R) < /3, ||w>i||^^<7 
2e-Di/2 



6 Initial Feshbach Transformation 

In this section we shall assume that the assumptions of Hypothesis (H) hold. Without loss 
of generality, see Section [3l we assume that the distance between the lowest eigenvalue of 
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Ha.t and the rest of the spectrum is one, that is 

inf (a(i:fat)\{^at})-^at = l. (15) 

Let Xi and Xi be two functions in C°°(]R+; [0, 1]) with Xi + Xi = 1, Xi = 1 on [0,3/4), 
and suppxi C [0, 1]. We use the abbreviations Xi = Xi{Hf) and Xi = XiiHf). It should 
be clear from the context whether xi or Xi denotes a function or an operator. By ip^t we 
denote a fix choice for a normalized eigenstate of //at with eigenvalue i?at and by Pat we 
denote the eigen-projection of if at corresponding to the eigenvalue -Eat- By Hypothesis 
(H) the range of Pat is one dimensional. Thus to every ip G RanPat (8) Prcd there exists a 
unique L{ip) G Tired such that ip = yjat ® i-^ip). It follows that t : RanPat Cg) Prcd — ^ "^red 
is unitary and commutes with the 5*0(3) action. We will use l to identify the range of 
Pat ® Prcd with Hred. Wc define x^^K^) ■■= Pat ® Xi(r) and x^^\r) = Pat ® 1 + Pat ® Xi(r), 
with Pat = 1 - Pat- We set x^^^ ■= X^^\Hf) and x^^) := x^^\Hf). It follows directly 
from the definition that x + X = 1- We use an initial transformation based on the 
smooth Feshbach map and its associated auxiliary operator, see Appendix B. 

Theorem 10. Assume Hypothesis (H). Let A; G N. For any < ^ < 1 and any positive 
numbers (51,(52,(^3 there exists a positive number g^ such that following is satisfied. For all 
{g, (3, z) G -Dgo X M X Z^i/2 the pair of operators {Hg^p — z — i^at, Hq — z — Ea.t) is a Feshbach 
pair for x^^^ ■ The operator valued map 

Qx^'^i (9^ P, z) := Q^{i) {Hg^p — z — E'at, Hq — z — E^i) 

is uniformly bounded in {g,(3,z) and the function {g,z) \-^ Q^(i){g,-, z) is in C%{Dg^^ x 
D1/2; C^(M; i3('Hrcd,'H)). There exists a unique kernel w'^^\g , (5 , z) G Wt such that 

H{w^^\g, /3, z)) = LiF^in (Hg,^ -z- E^„ H^ - z - E^,) \ RanPat ® Pred)r\ (16) 

Moreover, w^°' satisfies the following properties. 



(a) We have w^^\g) := u;(°)(c/, -, ■) G -B^ H-^i, ^2, S3) for all g e D^ 



go- 



(b) w^^\g, (3, ■) is a symmetric kernel for all {g, (3) G (-D^g fl M) x M. 

(c) The function {g, z, (3) ^ w^^\g, /3, z) is m C^'^Dg,^ x D^/^ x M; W, 



The remaining part of this section is devoted to the proof of Theorem [TOl Throughout 
this section we assume that 

^ = C - ^at G i^l/2- (17) 
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To prove Theorem (TTOj) . we write the interaction part of the Hamiltonian in terms of 
integral kernels as follows, 

Hg,i3 = Hst + Hf+ : Wg^p :, 

^5,/3:= Y. ^™,n(^,/3). (18) 

m+n=l,2 

where Wm,n{9,P) ■= H^,ni'Wm,n{g , (3)) with 

i£„,„(-w,„) := I ^^;.i;:;;:7p<.*(A'''"')-™,»(A-''"-')«(A-'">), (19) 



and 

N 



Kpjyk)e'-^^''^i 



«^S(^,/5)W := 2^5^p, -elfc, A)^^^| , (20) 

^R(,,/3)(K -^ - ^^^^^'^ ^^ - ^n. ~,M^y-''-^ -me^''-^ 



1=1 V 



V2 

!,o(^,/3)(^l,^2) :=^ 2^6{ki,Xi)-6{k2,X2) -^1 -^ 



3 = 



i=i 



w;S(^,/3)(ir) := 4'J(^,/3)(ir)*, and wi%, (3){K,, K2) := wg(^,/3)(iri, i^s)- We note 
that flT^ is understood in the sense of forms, c.f. Appendix A. We set 

Wo,o{z){r) := if at- z + r. 

By w^^^ we denote the vector consisting of the components Wm,n with m + n = 0,1,2. 

The next theorem establishes the Feshbach property. To state it, we denote by Pq 
the orthogonal projection onto the closure of Ran^*^^^. We will use the convention that 
{Hq — z)^^x^^^ stands for (Hq — z \ Ranx^^)))"^^'^^^ and that {Hq — z)^^Pq stands for 
{Hq — z \ RanPo)^^-Po- The proof of the Feshbach property is based on the fact that 

infcr(iJo rRanPo)>^at + ^, (21) 

which follows directly from the definition, and the fact that the interaction part of the 
Hamiltonian is bounded with respect to the free Hamiltonian. A proof can be found in 

Theorem 11. Let\E^^-C\<\- Then 

[Ho-O rRanPo)"'|| <4 (22) 
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There is a C < oc and go > such that for all f3 and \g\ < go, 

\\{Ho - Cr'x^'^Wg4 <C\g\, \\WgAHo - Cr'x^'^W <C\g\, (23) 

and {Hg^p — (, Ho — C) is a Feshbach pair for x^^^ ■ 
Theorem 12. For go sufficiently small 

{g,z)^Q^w{g,-,z) (24) 

IS m C%{Dg, X Di/2;C^(M;S(?^red,-H))). 
We write 



N \ 1/2 

2 



(^):= 1 + E 
V i=i 

We will use the Leibniz rule for higher derivatives 

Proof. For notational simplicity we set W = Wg^p and Q^u) = Q^wig, /?, z). We have 

oo 

Qx(^) = x^'^ - E(-i)"^^'^ ((^0 - cr'x^'^wx^'T (Ho - cr'x^'^wx^'^. 

n=0 

oo 

= X^'^ - E(-l)" ix^'^^Ho - Cr'l6'^Wf^" X^'^. (26) 

n=0 

Formally differentiating / times with respect to /3, the v}^ term under the summation sign 
generates (n + 1)' terms, each of the form 

{^^'\Ho - C)-¥'^5^^W^) ■ ■ ■ {x'''\Ho - Cr'x^'^d'^W) x^'\ (27) 

where h + ■ ■ ■ + /„+i = l. We write 

x'^'\Ho - C)-¥') = {X^'^f {Ho + 2- ()-' + 2{Ho - ()-' {x^'^)" {Ho + 2- C)-\ (28) 

It is well known that ||e'''^'>^^Pat|| < oo for some 71 > [12]. Define 



7i+i= li-k-'J2(^-6i,,o)]ii;j = i, 



t=l 
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Since E;=i(1 - '^;„o) < k , 7„+i > 0. With 

G^ = (e^^+i<^>x^^)(i7o - C)~^X^^^e-^^+i<^>) (e^i+^^''^d^^We-^^^''A (29) 

the expression in (!27|) can be written as 

g-7„+i(a.> (^^^^ . . . ^^) e^^<^>X^^^- (30) 

We claim that for small enough 71 > (chosen independent of n), for \g\ < 1, and for 

C E Di/2 + ^at 

l|G,||<C|^|, (31) 

where C is independent of j, (, (3, and n. It is clear that 



{Ho + i)-^e^^+'^''^d^^We-^^^'=^ 



< Ci\g\ 



since if Ij > 0, 7^ — 7^+1 = 71/A;. (There is a slight subtlety here with the term VFq ^ 
which contains [e^^^'^^){pj ■ e{k, A)). But note that the two terms in parentheses commute 
so that the bound is indeed independent of /3.) It remains to show 

is bounded with bound independent of 7 for small 7 and C G -D1/2 + -Eat • We have 
ifo(7) := e^<^>i7oe-^<"> = H,,{^) + Hj 



ifat(7) := -f^at + «7 TT ■ P + P ■ TT 



X 



X 



(x) 



(x) 



X 



7 



X 



and thus for all small 7 



[Ho{i) + 2-C)-\Ho + i)\\<C2. 



For (^ G -Di/2 + -Eat- Clearly ||e'''^^^(x*-^^)^e '''^^^|| < C3 for 7 small so from fl28|) it remains 
to bound 

Since (x(^))2 = P,t ® Xi(^/)' + ^at ® 1 and 



(/Jo - O^'^at ® 1 = (1 ® /f/ + ^at - O^'^at ® 1 



we must only control 



e^<^>(^o-C)"'(i^at®l)e-^<"\ 
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We write 

{H,, + t - C)-^Pat = ^ /(^ + ^ - 0'\w - H^tr'dw, (32) 

where F is the contour r_ — r+ with 

r±(s) = Eat + 3/4 + e±'"/S, 0<s<oo. 

Thus (using an analytic continuation argument) 

e7(-)(ijQ_^)-i(P^^^l)e-7(-> 

= ^ [{w- H^til))-' ®{w + Hf- Cy'dw. (33) 

The expression (l33l) is bounded using a numerical range argument for large w and a 
perturbation argument for small w. These estimates require 7 to be small. We have thus 
shown (I3T1) . Moreover, it follows from the estimates above and Taylor's theorem with 
remainder that the derivative with respect to /3 in fl29|) and thus fl27|) exists with respect 
to the operator norm topology. It follows that for I < k, 

00 
||9J (g^a, - x^')) II < Y,{n + iyiC\g\r^' \\e^^^^^P4 (34) 

n=0 

for all /3 G M and C £ -D1/2 + -Eat- If fl'o > is sufficiently small, then (134|) converges 
for |5f| < (7o- The expression in (p71) is complex differentiable in (^ G -D1/2 + -S^at and in 
(7 with respect to the operator norm topology. The bounds (I3T1) and ( |34l) imply uniform 
convergence and that (fif, 2;) H- Q^(i){g,-,z) is in C%{Dg^ x D1/2; C^(M; -B('Hred,^)))- □ 

Next we want to show that there exists a w^^\g,(3,z) G W|^ such that (TT6l) holds. 
Uniqueness will follow from Theorem [7l In view of Theorem [H] for z = ( — E^t G -D1/2 
and (7 sufficiently small we can define the Feshbach map and express it in terms of a 
Neumann series. 

= (T + xW^X - xWx{T + xWx)-'xWx) \ X,, ® -Hred 
^ 00 \ 

T + XWX - XWxJ2 {-T-'xWxTT''xWx r ^at ® Hred , 

where here we used the abbreviations T = Hq — (, W = W^^i^, x = X^^\ X = X^^'' and 
Xat = RanPat- We normal order above expression, using the pull-through formula. To 
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this end we use a generalized version of the Wick theorem, see [6] , see also [T7] Appendix 
B. Moreover we will use the definition 

We obtain a sequence of integral kernels w^^^ ^ which are given as follows. For M + X > 1, 
w^!l,^(3,P,z)k<;K""-''^) (35) 

=(8.)-j-f(-i)- Y. n|C"';")("'o^* 

L=\ {rn£&q)mt^: 1 = 1 ^ ^ ^^ ^ ^ ^' 

\rn\=M,\n\=N, 
l<mi+pi+qi+ni<2 

xV(^,p,^,,)[^^(^,/3,C)](r,ir(^'^)). 
Furthermore, 

oo 
L='i (p,q)ml^:pi+qi = l,2 

Above we have used the definition 

Kn,p,n,,M(^,^^'-'''-'^):= (36) 

I L \ 

where for / = 0, L we set Fi[w]{r) := Xi(^) , and for / = 1, ..., L — 1 we set 

Moreover, we used the notation 

n := S[K^)] + ■ ■ ■ + S[^ft-^)] + S[ir/+r^^] + ■ • • + nKt'\ (37) 

n := S[^i"^^] + ■ ■ ■ + S[^;"'^] + S[ir/;",'+^^] + ■ ■ ■ + i:[K^j^^\ (38) 

We have w''°^(f7,/3, 2;) = (u;*^°^) {g,(3,z). So far we have determined w'-''-* on a formal 

level only. 

Lemma 13. Let k E Nq. The function {g,C,(^) *-^ Vrn,p,n,q[w^^\g, (3,C)] ^s in C^' (C x 
Di/2{Ea_t) X ^5^1*1 |„|)- There exists a finite constant C such that for all {g,l3,C) ^ 
C X M X Di/2{Es,t) we have 

max ||4K^,,,„,Ju;(^)((7,/3,C)]||* < L'+'C'^\g\\rn^\+\^m+\l\. (39) 

Q<l<k — - 
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Proof. For compactness we shall drop the ( and (3 dependence in the notation. We show 

|5|Kn,p,„,g[w(^)(^)](r,ir(l^l'l^l))| < L^C^|^|H+l2il+lpl+l9l. (40) 

5.9|K^,p,^,J«;(^)((7)](r,i^H,|n|)| < i:^+i^L|^|H+|n|+lEl+l£l. (41) 

Consider 

^|Kn,p,n,J«^^')](r,K(l^l'l^l)) (42) 



si 






L 
X 



n {d^^m^:gTi'^^'^](^^""''''^)Fi[w^'\Hf + r + n)} <^at ® fi ). 



To estimate (H2|) we will use the same technique as in Theorem [T2j For / = 1, ■ ■ ■ , L — 1 
define 

Af = e^'+i<">(9|li:™[w;(^)](ir('"""'))F;[w;(^)](i7/ + r + n)e"^'^"^ (43) 

and similarly for A'j^ except that we replace FL[w^^^]{Hf + r + r^) by (Hq — E^x + 1)~^- 
Here 

7^+1 ={l-k-' ^(1 - 5,„o) j 7i; / = 1, ■ ■ ■ , i^. 
Note again that since s < fc,7L+i > 0. It follows that 

L 



|9|K,,,^,,[^(^)](r,ir(H,N))| <Y^t_ JJpf II 1 lle^^^^Vatl 



\3\=s 



We will show the bound 

Pfll <C|^r'+P'+"'+^S (44) 

which gives pUj) . We write for / < L, 



Af =e^'+i<^>.^W™[w(^)](ir("""'))(/7o-^at + l)"^e-^'<^> (45) 

xe^'<^>(^o - ^at + l)Fi[w^'\Hf + r + n)e-^'<^\ 

First we estimate the second factor. To this end we write 

Fi[w^^\Hf + r + 7i) = {Ho-E^t-z + r + ri)-^ (P^t ® 1 + Pat ® xl{Hf + r + n)) . 
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Since e""'^^'^ Pa_te "^'^^^ is bounded for 71 small, it is clear that 
\\e^'(-)(Ho - ^at + l)Fi[w^'^]iHf + r + n)e~^'<"^|| 

For M > we write 

{H,t -E^,-z + u)-'P,t = ^ f{w-E^t~z + u)-\w - H^y'dw (46) 



+ 



where F is the contour F = F_ — F_(_ with 

F±(t) = Eat + 3/4 + e±*4t, 0<t<oo. 

and obtain for A small 

e"<^>(i7at-^at-^ + M)-^Pate-'<"> = -^ j {w ~ E ^, - z + u)-\w - H ^,{\))-^ dw , (47) 

2711 Jy 

where Hi^t{X) is given as in the proof of Theorem [121 As in that proof we estimate fHT]) 
for large w G F using a numerical range estimate to bound \\{w — Hat{X))~^\\ while for 
small w G F the resolvent can be bounded using 

\\iHM)-H.,){-A + l)-^ = 0{\X\) 

for small A. Then using the spectral theorem, which allows us to substitute u = Hf+r+ri, 
we obtain for small 71 

2/||e^'<">(^o -E,,-z + i/)-iPat ® le-^'<"> || < C 



independent of y > 0. In order to show fl44j) for 1 < / < L it remains to bound the 
first factor on the right hand side of f H5l) . Using 11 (7^ ■ p + p ■ 7^) (—A + l)^"*^!! < 00 and 

[X) ix) 

Hypothesis (H) we see that 

\\{-/\®l + l®Hf + l)e''^^^\Ho - ^at + l)-'e-^'<^->|| 
is bounded uniformly in L for small 71. Thus to prove fj44l) we need only bound 

e^'+i<^)a|li:;^;p;'4^(^)](ir(™''"'))e'^'<^>(-A ^l + l^ Hf + i)-i 
or carrying out the differentiations with respect to /3 (if any) we need to bound 

W2q^,'{e^'+'^''^w^^'^'^e'^'^''^){K^"'''''''>){-A ® 1 + 1 ® if / + l)-\ 
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where w^^'^^^ := dpW^^\ Referring to ( 120|) we have 
and similarly for Wq f , while for m + n = 2 



ll + li^) ^,,{1 Jl) ( iri''^i;n)\„--(i{x) \ 



'W 






n^t-^n. 



<C2|(7p«:A(ir(™))«:A(ir("^ 



(4^ 



(49) 



where KAiK^""^) = UJLi^^i^j)- Given gH]) and g9]) we need only consider E^™ with 
Pi + Qi ^ 1- /^Frorn Lemma [271 if mi + ni < 1, p; = 1, g; = 0. 



dX 



|X|l/: 



^a*(X)e^'+^<^->u;i;;fi^„^(ir("'),X,ir("'))e"^'<^n-A + 1)-'^' ® (i// + l)"'/' 



< 

< c\g\ 



dX 



A I r>0 

mi+ni+1 



^i+i{^)iuil'i\^{K^""\X,K^'"^)e-'"^''\-A + l)-i/2 



r + |X| 

Wat^Wat r + 1 



and similarly if p; = 0, g^ = 1. If p; = g; = 1 



dX(i'i) 



jjj^a*iX,)e'y^+^<-'W,y'\X,,X,)e-^'^-^a{X,)iHf + 1)-^ 



|x(i.i)|i/ 



< 






e^'+i<^>u;ff^(Xi,X2)e- 



~7i (a;) 



rtat — ^ria 



(r + |Xi|)(r+|X2|) 
(r+|X2|)2 



< clfi-l 



and similarly if p; = 2, g^ = or p; = 0, g^ = 2. Since 

ll(-A + 1)1/2 ^ (^^ _^ i)i/2(_^ ^i^i^Hj + iy^\ 

111 ® (/fy + 1)(-A ®l + l^Hf + l)-i| 



we have proved fl40|) . A similar argument gives (141 



^r9^V^^,p,n,,[«^(')](r,Kl^l'l^l) 



^ rfc+l/^i| „|l22ll + l»ll + |p| + l9l 



(50) 



One can use the same estimates as above to show that the /3 derivative in f l43|) exists in 
L°°(Sy , Ci([0, 1]; B{l-L))). To show this one replaces w^^'^'-^ by its difference from the 

differential quotient, i.e., {AP)-\w^^^^'-^'^{(3 + A/3) - w^^^^'-^'^{(3)) - w^^^^'\P) and using 
the explicit expressions for w^^^ it is straight forward to verify using Taylor's theorem with 
remainder that the right hand side in the corresponding estimates converge to zero as A/3 
tends to zero. Likewise one shows continuity in /3. It now follows that the /3 derivative in 
ED exists in L°°(5[l-l'l-l^;Ci[0,l]) The mapping {g,z) ^ K,,p,„,Ju;(^)(^, E^t + z)] is in 
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C^(C X Di/2] (^^(K; W|* I ini))- '^'^ ^^is ^^'^' observe that for fixed z, Vrn,p,n,q is a polynomial 
in (? with coefficients in Cg (M; Wi^i i i). For fixed (yf it is straight forward to verify that 
Vrn,p,n,q is differentiable with respect to z. To this end observe that only Wq q depends on 

z. 

U 

Using Lemma [13] the proof of Theorem [10] (a) is analogous to the proof of Theorem 
17 (a) in [TTj. Below we summarize the main estimates of the proof. Let S^.^ ^ denote the 
set of tuples {m,p,n, q) E Ng^ with \m\ = M, \n\ = N, and 1 < nii + pi + qi + ni < 2. We 
find, withe:= (8vr)-i/2^, 



w^^lig,z)\\f''^ = snp V r(*^+^)max||9;,^M,;v(^,/3,^)||# 



0<Z<A; 

J\/+Af>l 

oo 

^ E E E r^^^+^^4Supmaxl|ajK,,,,.,J^«(^,/3^^1ll# 

— — — SP]bO</<A: "^ - - 

M+N>1 L=l (■m,p,n,q)€Sf, ^ ^ 



^E E E ri^i-i^i^'+^(4C)^^ 



H+|n|+b|+|g| 



L=l M+N>1 {rn,p,n,q)eSJ;jj^ 



<^L'=+44^r'^(4C|(?|)^ , (51) 



L=l 



for all {g,z) E Di X Di/2. A similar but simpler estimate yields 



sup \\drwj^^Q{g,z){r) - l\\ck(^^) <y2 V snp max \\d^^Vo^p^o^g[w^^\g , (3 , C)]\\* 

i=2{p,g)GN2i:K+g,=l,2' 



rP[n 11 '^ ■■ V - i — , i. — t „^ 0<l<k 



<X^3^L'=+i(C|^|)^ , (52) 

i=2 

for all (gf, z) E Di X D1/2. Analogously we have for all {g, z) E Di x D1/2, 

00 

\\Woflig,z){0) + zWc^^R) <J2 E ^^Pn^,^^. ll4^0.P.0,Jw(^)(^,C)]||* 

i=2(p,g)GN2i:p,+g, = l,2''^* 

CX) 

<^3^L'=+l(q^|)^ (53) 

L=2 

The right hand sides in ( l5T|) - (!53]) can be made arbitrarily small for sufficiently small 
\g\. This implies that w^'^^g) is in B^''\Si,S2,53)- Rotation invariance and the symmetry 
property have already been shown in Theorem 17 of [17]. Theorem [TO] (c) follows from 
Lemma [13] and the convergence for small g established in (j5Tl) - (j53l) . 
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7 Renormalization Transformation 

In this section we define the Renormahzation transformation as in [2J. It is a combination 
of the Feshbach transformation which cuts out higher photon energies, a rescaling of the 
resulting operator so that it acts on the fixed subspace "Hred and a conformal transforma- 
tion of the spectral parameter. Let < ^ < 1 and < p < 1. For w G W^ we define the 
analytic function 

Ep[w\{z) := p-^E[w]{z) := -p-\n,H{w{z))n) 

and the set 

f/H:={^GDi/2||^M(^)|<p/2}. 

Lemma 14. Let < p < 1/2. Then for all w E B{p/8, p/8, p/8), the function Ep[w] : 
U[w] — )■ Di/2 is an analytic bijection, D^p/g C U[w] C D^p/g, and for all z G -Dsp/s we 
have 

I^^^MW-l|<(j^. (54) 

Ifw G B{p/32, p/32, p/32) , then -Di5p/32 C U[w] C Dijp/32 and for all z G -Di7p/32 we have 



\d.E[w]iz) - l\ < ^^^^^^. (55) 

For a proof of the lemma we apply following lemma with r = p/2 and e = p/8 
respectively e = p/32. For a proof of Lemma [T5l see [16] (Lemma 22) or [2]. 

Lemma 15. Let < e < 1/2, and let E : -D1/2 -^ C be an analytic function which 
satisfies 

sup \E{z) — z\ < e. 

Then for any r > with r + e < 1/2 i/ie following is true. 

(a) For w E Dr there exists a unique z G -D1/2 such that E{z) = w. 

(b) The map E : Ur := {z E Di/2\\E{z)\ < r} — ;■ D^ is biholomorphic. 

(c) We have Dj.^e C Ur C Dr+e- 

(d) IfzE Dr+e, then \d,E{z) - 1| < f (1/2 - (r + e))-^. 
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If < p < 1/4, then for w G B{p/32, p/32, p/32) we find using ([55]), that for all 



d,E,[w]\>-il-\d,E-l\)>—^. (56) 



1 1 5 

-{1 - \d,E - 1\) > -^ 
p lop 

Let Ip[w] denote the inverse of Ep[w] : U[w] — )■ -Di/2- It satisfies 



Ep[w]mw]{z)) = z, (57) 

for all z G -Di/2- For notational compactness we shall occasionally drop the dependence 
on w and write Ep and Ip. In the previous section we introduced smooth functions Xi 

and Xi- We set 

Xp(-) = xi(Vp) > Xp(-) = Xi(Vp) , 

and use the abbreviation Xp = Xp{Hf) and Xp = Xp{Hf). It should be clear from the 
context whether Xp oi' Xp denotes a function or an operator. The following theorem is 
proven in [2], [16] . 



Lemma 16. Let < p < 1/2. T/ien for all w G B{p/8, p/8, p/8), and all z G -D1/2 the 
pair of operators {H{w{Ep^{z)),Hofi{Ep^{z))) is a Feshbach pair for Xp- 

The definition of the renormalization transformation involves a scaling transformation 
Sp which scales the energy value p to the value 1. For operators A G B{J^) we define 

Sp{A) = p-'TpAV;, 

where Tp is the unitary dilation on J-" which is uniquely determined by 

rpa*{k)r*p = p-^/^a*{p'^k), TpQ = Q. 

It is easy to check that TpHfT*^ = pHj and hence FpXpF* = Xi- We are now ready to 
define the renormalization transformation, which in view of Lemmas [14| and [161 is well 
defined. 

Definition 17. Let < p < 1/2. For w G B{p/8, p/8, p/8) we define the renormalization 
transformation 

(TZpHiw)) (z) := SpF^^iHiwiE;\z)),Ho,oiE;\z))) \ Ked, 

where z G -Di/2- 
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Theorem 18. LetO < p< 1/2 and < ^ < 1/2. For w E B{p/8, p/8, p/8) there exists a 
unique integral kernel IZpiw) G Wg 

{n,H{w)){z) = H{n,{w){z)). 

If w is symmetric then also TZp{w) is symmetric. If w{z) is invariant under rotations for 
all z G -Di/2 than also TZp{w){z) is invariant under rotations for all z G -Di/2- 

A proof of the existence of the integral kernel as stated in Theorem [18] can be found 
in [2] or [16] (Theorem 32). The uniqueness follows from Theorem [71 The statement 
about the symmetry and the rotation invariance follows from Lemmas [HI and [9] and the 
fact that the renormalization transformation preserves symmetry and rotation invariance, 
respectively. This is explained in detail in [17]. The renormalized kernels are given as 
follows. For w G 'Wrn+p,n+q wc define 

which defines an operator for a.e. ii'(™-'") g 5™^". In the case ?n = n = we set 

W^m,nM(^) := W^m,nM(^)- ^^T w G B{p/8, p/8, p/8) wc havc 

7^,H(2) = 7^#(^/,HW))• 

_i± 

For w G WT we define 

where the kernels w are given as follows. For M + N > 1, 

oo 

L=l (in,P,2,g)GN^^: 

\m\=M,\n\=N, 
mi+pi+ni+qi>l 



1=1 

and 



n{('"'p!")("'r')}"— '"■"^•^^■'""''- 



^o,o(r) := P^'wo^oipr) + p'' $^(-1)''"' J2 ^o,p,oAw]{r) . (59) 

L=2 (p,£)eN2^: 
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Moreover, we have introduced the expressions 

Vrn,r>,nM{r,K^\^\^\^\^):= (60) 

' L \ 



1=1 



where Fo[w](r) := Xpij") ^^^ Fi[w](r) := Xp(r), and for / = 1, ...,L — 1 

F,H(r):=FM(r):=^4^. (61) 

We used the notation introduced in (!37|) and (138!) . The next theorem states the contraction 
property. 

Theorem 19. For any positive numbers po < 1/4 and $,q < 1/2 there exist numbers 
p, ^, eo satisfying p G (0, po], ^ G (0, ^o]; ^^^ < cq < p/8 sttc/i i/iai the following property 
holds, 

Up : So(e, 5i, ^2) -^ Bo{e + ^2/2, ^2/2, ^2/2) , V e, 5i, ^2 G [0, eo). (62) 

A proof of Theorem [19] can be found in [T6] (Theorem 38). The proof given there 
rehes on the fact that there are no terms which are hnear in creation or annihilation 
operators. Since by rotation invariance and Lemma |9] there are no terms which are hnear 
in creation and annihilation operators, Theorem [19] follows from the same proof. The 
contraction property allows us to iterate the renormalization transformation. To this end 
we introduce the following Hypothesis. 

(i?) Let p, ^, eo are positive numbers such that the contraction property ( l62l) holds and 
P < 1/4, i < 1/4 and eo < p/8. 

Now we extend the renormalization transformation to B^^\p/8, p/8, p/8) by setting 

7^p(«;)(/3) = 7^,(«;(/3)) 
for w G i3(°)(p/8,p/8,p/8) and 

for w G B^*'^\p/8, p/8, p/8). That is we have 

n,{w){f3,z) = n*{w{f3,w,z))) 

The next theorem states that the extended renormalization transformation preserves 

(k) 

the Bq -balls and acts as a contraction on these balls in all but one dimension. 

27 



Theorem 20. For A; G No and positive numbers po < 1/4 and ^q < 1/4 there exists 
numbers p,^,eo satisfying p G {0,po], C, G (0,^o]; <ind < cq < p/32 such that 

Up : i3f (e, 5i, ^2) ^ i3f (e + ^2/4 + 5i/4, ^2/2, ^2/2) , Ve, 5i, ^2 G [0, eo). (63) 



Theorem [20] will be shown below. The next theorem states that the extended renor- 
malization transformation preserves analyticity. 

Theorem 21. Let < p < 1/2 and < ,^ < 1/2. Let S be an open subset of C^ with 
z/ G N. Suppose the map w{-, ■) : S x R ^ Wf is in C^'^i^S x M; Wf) and for all s e S 
we have w{s, ■) G B^*'''^ {p/32, 5p/8, p/32) . Then 

{s,(3)^'R.*{w{s,f3)) 

isinC^'^SxR-wf). 

Theorem 22. Let < p < 1/2 and < .^ < 1/2. Let S be an open subset of C Suppose 

w{; -, ■) : Sx Di/2 xR^Wf 

IS m C'^'''{S X Di/2xR;Wf) and for all s E S we have w{s,-,-) G iS^'^) (p/32, p/32, p/32). 
Then 

is,Z,/3)^{n,{w{s,;mi^) 

ismC''/{SxDi/2 xR-Wf). 

To show Theorems [20], [211 ^^^d [22] we will use the explicit expression for the renormal- 
ized integral kernels introduced above. For w G B^^\p/8, p/8, p/8) we define 

The crucial point of that following estimate is that the constant Cl grows at most 
polynomially in L and that p^^ occurs to a power of at most L — 1. 

Lemma 23. Let < p < 1/4 and let w G B^*'^\p/32,5p/8,-). Then for {rn,p,n,q) e 
(Nq)^ we have 

^f^^\\dpv^,p,n,g[wm\\* < Cl (^-J 11 ^y^_ , (64) 

where t := 3p/32 and Cl is a constant which satisfies a bound 

where c is a finite numerical constant. 
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Proof. First we consider the case A; = 0. Since in that case the /3 dependence is not 
relevant we drop the /3 dependence in the notation. Using 

\{Q,AiA2---A^Q)\ < pi||opp2||op---p„||op, (65) 

we find 

eSSSUp sup |fm,p,n,gM(r, -fC^'-'''-'^)! 
K(\sk\,\ikn rg[0,l] 

L L-l 

<nesssup sup ||PC^M(^^^"""'^)l|op,nil^>o.o||c[o,i]- 

To estimate the right hand side we use 

esssup sup ||Vr7'"H(r,ir^'"'"0||op < ^=p=p '-^ (66) 

||Xp/^^o,o||c[o,i] < lA- (67) 

Inequahty f l66|) can be shown using Lemma [271 and (IT2|) . Inequahty (l67|l can be shown as 
follows. For r > p3/4 we have 

1^0,0(^^)1 > r - |r - (wo,o(r) - Wo,o(0))| - |wo,o(0)| >r-r—- 5p/8 > p— , 

and thus 

inf^g[p3i]|wo,o(r)|J < 1/t. (68) 

Next we calculate the derivative with respect to r. To this end first observe that using 
Lemma |27] and dominated convergence one can show that for a.e. K^^'"^ the partial 
derivative drWI^'^[w]{r, K^^'"^) exists with respect to the operator norm topology and 
equals W^''[drw]{r, K^""'""^). Thus 

NO II 

esssup sup ||(9^W";'"H(^.^^ Ollop< 7^=^ ^^- (69) 

Furthermore, 



Dr^^ = ^{drWofi) + 

WOfi W^Q wo.o 

and thus for s + pr G [0, 1] we have 



Y^ ">, n 9\\-v' II 

l^r--^(s + pr) I < -- + , (70) 

Wofi 2V t 
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where we used ||5r.tfo,o||c[o,i] < 3/2. Calculating the derivative with respect to r using 
Leibniz and estimating the resulting expression with the help of (165|) . (!66|) ( 167|) . ( 169|) . and 
fITOl) the Inequality (El]) follows for k = 0. 

Next we show (1M1) for A; > 1. It follows from Lemma [32] (b) that /3 H- 'l . is in 
C''(R, >V*o)- We use f ll20p to calculate the derivative of x^/wo,o(/3) with respect to (3, 






wo,oil3) 



E i^iK-i) 



1^1. 



Art 



Ko(/3))l^l 



T n ^?'^o,o(/3). 



(71) 



The derivative in fl7T]) is with respect to the C[0, 1] norm. To estimate the right hand side 
of fITT]) we use (IBS]) that by assumption ||5^Wo,o(/3)||c[o,i] ^ 5p/8. It follows that there 
exits a finite constant, Cp^i, independent of p such that 



a' ^' 



wo,o(/3) 



< 



C 



F,« 



(72) 



C[0,1] 



and C^,o = 1- Using ( 1T20]) we find 

'^^^o,o(/3) 



D.al ^^ 



= E I^IK-i)'^' 



A.C 



X€Pi 

where we wrote 



(^o,o(/3))l^l+ 

X 
(^o,o(/3))l^l+^ 



-L'(m;o,o(/3),|^|,Xi,p) JJ ^'''^O'O^^) 



xex 



E(^^^?^o,o(/3)) n ^|r'^o,o(/3), (T3) 



xgX 



D(wo,o,m,Xi,p) : = 



2grXl(-/p) 
P 



x'eXjxVa:^ 



(m + 1) — —drWoQ. 



We estimate 



|^(«^0,0,"^,Xl,P)l|oo < -||<9rXll|oo + (m+ 1)-, 



(74) 



where we used that by assumption it follows that ||9r.wo,o||oo < 3/2. The derivative in 
( 173]) is with respect to the C[0, 1] norm. Inserting (174]) into ( 173]) we find for s + pr ^ [0, 1] 



^ Wo,o(/3) 



s + pr) 



< t-'CrMdrXiWoo + {l + 1)8) + t-HCF,i. (75) 



Next observe that Vm,p,n,q[] is given as a multilinear expression of kernels {wm,n)m+n>i 
and -^^. It follows from Lemma [32] that /3 i-)- fm.,p,n,g['U^(/3)] is in C'^(]R; W|m,|,|n|) ^^"^ ^^^^ 
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Leibniz rule for higher derivatives ( 125|) is apphcable to calculate derivatives D'-^Vrn,p,n,q[w {(3)]. 
We thus apply ( 125|) and estimate the resulting expression using ( 165|) . To this end we use 

(J 111 I 

esssup sup Y. ||9;w;™,'"[a>](r,ir(-'"))l|op < ^ ^^i;^^'^" , (76) 

which follows from ( l66ll and (1691) . Using ( 1721) . ( 1751) . and ( 1761) Inequality ( l64l) now follows 
from the following observation. The right hand side of ( l25l) contains L^ terms. Each term 
contains at most k factors involving a derivative. D 



Proof of Theorem EH First observe that by Lemma [32] (b) 

gC"''^(5xR,Wo*o). (77) 



(3,/3)^ ^' 



Wo,o(s,/3) 

It now follows from part (a) of the same Lemma that the map (s,/3) — )■ Vrn,p,n,q[w{s, P)] 
is in C^'^^S X M; Wi^i i i). Using the estimate of Lemma [23] one can show the same way 
as in [16] Theorem 31 that 7^*(w(s,/3)) is given as a sum which is uniformly convergent 
on subsets which constitute an open covering of M x 5* and that the sum is uniformly 
bounded. This is done in Appendix F. D 

Lemma 24. Let < p < 1/4 and assume w G B'^''\-,5,-), with 5 < p/32. Then 
Ip G C^'''(M X D1/2) and 

sup \dJp{P,z)\<^. (78) 

Moreover, there exists a finite constant Ck depending only on k, such that 

max sup \diIp{P,z)\<Ck5. (79) 

Proof. The assumption w G i3^'')(-, (5, ■) implies that Ep G C''''^(]R x -Di/2). By this and 
inequality ( 1561) it follows from the inverse function theorem that Ip is in C'^''^(R x -Di/2)- 
Let (/3, ;z) G M X L)i/2. /,From ([57]) we have 

Ep{l3Jp{l3,z)) = z. (80) 

Differentiating ( [80]) with respect to z we find 

^'^''^^'"^^~d,Ep{p,ip{p,z)y 
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where di denotes the derivative with respect to the i-th argument (note that di is a real 
derivative and 82 is a complex derivative). By this and (!56|) we obtain the bound ( ITHj) . 
Now we show the remaining bounds. Differentiating p (IHOl) with respect to /3, we find 

92^(/3,/p(/3,2;)) 

with E(/3, 2) = pEp(/3, 2). This and ([56]) shows ([79]) for A; = 1. To show (1791) for A: > 2 we 
proceed by induction and use that the assumption w G B^''\-, 5, ■) implies 

\d-lEiP,z)\<5 (82) 

for al\l < s < k. Suppose (1791) holds for k = n. We then show that it holds for A; = n + 1. 
We differentiate (|8T|) with respect to (3. Using Leibniz we obtain 



d-^'W,z) = J2l^p)ApBn-,, 



p=0 

where 

A,:=D$d,E{f3,I,{f3,z)), 
B,:=D$z{d2E{f3,I,{f3,z)), 

with i{z) := —z~^. Now using (11201) . we find 

^^ = E (^) E di^'-'di''^E{p,w,z)) n d^;^w,^) 

Using (!82|) . analyticity of Ep in the second argument, and the induction Hypothesis it 
follows that |Ap| < CS for some finite constant, C, depending only on p. To this end we 
note that derivatives 82 can be estimated using Cauchys formula and RanJp C -Di7p/32, 
which follows from Lemma O Using (ll2Up we find that 

Bp= $^(-l)l^l+^|X|!(a2i?(/3,J,(/3,^)))-l^l-^n^?^2S('^'W,^))- 
xePp xex 

By (|56|) and fl82|) we now see, similarly as for Ap, that \Bp\ < C for some finite constant 
C depending only on p. D 



Proof of Theorem{2E By assumption it follows that Ep G C"^'^(S' x D1/2 x M). By the 
inverse function theorem and (156!) it follows that Ip G C^'^{S x -D1/2 x IR)- Moreover by 
Lemma [14] 

Ran/p C Di7p/32. (83) 
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For ( E -Di7p/32 we have 

\\w{s, (, (5) llc^(K) < \\w{s, C, /3) + CWcm + IICIIc^^(M) < y • (84) 

Thus we can apply Theorem [2T] for wIsxDiyp/aaxR and conclude that 

(s,C,/3)^->7^#(w(s,C,/3)) 
is in C^^^{S X Z^iTp/ga x M; Wf). By (jHS]) it follows from the chain rule that 

(s, z, (5) ^ np{w{s, f3)){z) = n*{w{s, C, /3))|c=/,(.,.,/3) 
is in C^'^{S X Di/2 X M; wf ). D 

Theorem [201 which is proven in Section El allows us to iterate the extended renormal- 
ization transformation on the extended balls. Let us introduce the following Hypothesis. 

(_R(^)) Let p, ^,eo are positive numbers such that the contraction property (163!) holds 
and p < 1/4, ^ < 1/4 and eo < p/32. 

Recall that by Theorem [20] and Theorem [19] there exists a nonempty set of parameters 
for which the Hypothesis (R) and {R^''^) are satisfied. 

Theorem 25. Lei A; G No- Assume Hypothesis (R) and (R^^'^ ). Then for eo > and 
p > sufficiently small there exist functions 

e(o)[-]:i3o(eo/2,eo/2,eo/2)^i^i/2 
V'(o)[-]:So(eo/2,eo/2,eo/2)-^^ 

such that the following holds, 
(a) For all w G Bo{eo/2, eo/2, eo/2), 

dimker{/7(w(e(o)[u'])} > 1, 
and il!(^oo)[w] is a nonzero element in the kernel of H{w{e(^o,oo)[w])■ 
(b) If w is symmetric and —1/2 < z < e(o)[w], then H{w{z)) is hounded invertihle. 
(c) The function ip^Q-^ [■] is uniformly hounded with hound 

sup ||V^(o)MII <4e^ 

«)eBo(<:o/2,eo/2,eo/2) 

If H{w{z)) = Hf — z, then ip{o)[w] = Q. 
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(d) Suppose w G Bq (eo/2, eo/2, eo/2). Then l3 — )■ e(o)[w{l3)] and l3 — )■ ip{o)[w{l3)] are in 
C^iR) and C'^iR; J^) , respectively. 

(e) Let S he an open subset ofC. Suppose we are given a mapping (s, z, f3) \-^ w{s, z, (3) 
znC^'''(5xL)i/2xM;>Vf) such that for all s G S wehavew{s,-,-) G Sj''^ (eo/2, eo/2, eo/2). 
Then s ^ {13 ^ e(o)[w;(s) (/?)]) and s ^ {(3 ^ V^(o)[w(s) (/?)]) are C%{S]C''B{R))and 
C%{S]C%{R]F)), respectively. 

Assumption (i?) allows us to iterate the renormalization transformation as follows, 

^0(2^0, 2^0, 2^0) — > ^o([2 + ^l^o, ^eo, ^eo) — > ■ ■ ■ So(S"^i^eo, — eo, — eo) — > ■■■ ■ 
For w G i3o(eo/2, eo/2, eo/2) and n G No, we define 

«;("):= 7^^"HGSo(eo4^0'F'o). 
We introduce the definitions 

E„,,[w] := Ep[w^^^] = p-^E[w] 

Un[w] := [/[«;(")] := {z G D,/2\\E[w^''\z)\ < p/2} 

By Lemma [TH the map 

Jn[w] := En,p[w] : Un[w] -^ Di/2, Z h-> En,p[w]{z). 

is an analytic bijection and Jn[w]^^ : D1/2 — )■ Un[w] C -Di/2- For < n < m we define 

e(„,m)H '■= Jn[w]~'^ O ■ ■ ■ O J^[w]'\0). 

It has been shown in [2], see also [16], that the following limits exist 

e(n,oo)H := lim e(„.m)M (85) 

m— >-oo 

We define the vectors in J-", of 



with 



where 



Qn[w] =Xp- Xp(Hn[w])^^^XpWn[w]Xp, 

i7„H:=/7(«;(")(e(n,oo)M)) 
Tn[w] := w;J"J(e(„,oo)M)(^/) 

Wn[w]-=Hn[w]-TM- 
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It has been shown in [2], see also [16], that the following limit exists 

V'(n,oo)M := lim i'(n,m)[w] (86) 

r?n-oo 

and that Hn[w]ip i^n, oo)['w] = 0. This implies part (a) of Theorem |25l with e(o)[w] = 
6(0,00) ["W^] and V'(o)['W^] = i^{o,cx>)['w]- Part (b) has been shown in [16]. Moreover, in [16], the 
bound sup^ggjj(^g/2,eo/2,eo/2) ll'^(o) ["U^] || < 4e'^ was shown. The second part of (c) is a direct 
consequence of the definition of ^(o). Now let us show (d). Assumption (i?*^*^)) allows us 
to iterate the renormalization transformation as follows, 

i^O l2^°' 2^°' 2^°'^ ^ ° ^^2 4^^°'4^°'4^°'^ ^ " " ' ''^0 l^/=i^eo, — Cq, — CoJ )■•••. 

We view w G iSg -^(ieo, ^eo, ^cq) as a function of /3. Now e(^n,m)[w{(3)] and '?/'(„,m)['if (/?)] 
are functions of /3 as well as their limits as m tends to infinity. First we show that 
e{n,m)[w{f3)] — )■ e(n,oo)[w{/3)] couvcrgcs uniformly in C'^(R) for any n. This will then imply 

'(n,oo) 



that etn,oo) is in C''. We introduce for 7, 5 > the balls 



£{^,6) := {/ G C"=(M; C)|||/|U < 7, max ||al/|U < S}. 

l<l<k 

Let w G B'^^\-, e, ■) with e < p/32. We define a mapping i^[w] on £^(1/2, 5) by 

(irH(/))(/3):=/p(/3,/(/3)). 

/^From Lemma [TH it follows that K[w\{£ {1/2, 5)) C £^(3/8, 00). Using Faa di Bruno's 
formula we find 

D^/,(/3,/(/3)) = y.{')y. dri^'^wjm n ^?'/(/3)- 

We use this to estimate the following difference 

Dmi3jm-Dmp,gm 
= s'^r^sf ' iw^ fm - w^ aim n ^?/(/3) 

xex 



+E'arC'/p(/3,^(/3)) 



n ^?'/(/5) - n 9?9{P) 

xgx xex 



i7) 



where we used the abbreviation S' = J2l=o (*) SxeP ■ '^° estimate ( 1871) we use that 
\WJm-W,gm\< sup |92/p(/3,^)||/(/3)-^(/3)| ( 
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and that for f,g& £^(1/2, 1) we have 



xex xgx 



<C\x\\\f-g\\cm^ (89) 



for some constant depending only on the number of elements of the partition X. On the 
other hand by Lemma [2^ there exists a constant C such that for all (/3, z) G M x -D3/8, we 
have 

max \dUpW,z)\<Cp, max max \didUpiP, z)\ < Ce, (90) 

where we used the analyticity of Ip in its second argument. Using fl90|) -f l88|) to estimate 
fl87|) it follows that for e and p sufficiently small we have 

K[w]{S{3/8, 1)) C ^(3/8, 1), \\K[w]f - K[w]g\\c^R) < ^11/ - dWcHm (9^) 

for all f,g G £(3/8,1). For the sequence of kernels w^'-* G B^ {■,2~^eo,-) define Ki := 
K[w^^^]. By definition we have 



-'{n,m) 



KnOKn+l O •••oirm(O), 



where denotes the zero function. Thus if we choose p and eo sufficiently small, then it 
follows from ( IHT]) that 



|e(n,m) ~ ^(n,m+l)\\c'^{ 



^ c\—{m—n) — \ 



and thus e(n,rn) -^ ^{n,oo) uniformly in C^(R) as m — )■ 00 for any n. Since e(„^„) = it 
follows that 

||e(n,oo)||c'=(IR) < 2. (92) 

Thus e(„^m)[w(/3)] — )• e(„^oo)['W^(/3)] converges uniformly in C'^(]R) for any n. Next we 
show that the groundstate eigenvector ^(0,00) [""^(Z?)] is C^ in /3. For notational compact- 
ness we write V'(n,m)(/3) for V'(n,m)[w^(/3)] and similarly €(„,„) (/3) for e(„,„)[w(/3)]. We set 
Wn{P,z) := iy[w(")(/3,z)] with w^''\p,z) = u;(")(/3)(z). Observe that with this notation 
Wn{(3) := VF„[u7(/3)] = W^n(/3, e(o,oo)(/3))- We use analogous definitions for T^, iy„, and 
Qn- Let (/3, z) G M X Di/2- We estimate the derivatives with respect to (3 of 

Let 

36 



Observe that 

Un'W < 16/p. (93) 

This can be seen using \\Wn\\ < 2^"'^^eo < p/16, see [21 [16] for details. We have already 
proved estimates of the form 

\dpe(^n,oo)\ < Q 

for n G No which we will use without comment. We also have estimates of the form 

Ikgllf < I (M) 

ll<o'll'"<|^ + 5 + fo + l<2eo + | (95) 

By the inequality given in Theorem [71 and the differentiability of the integral kernels 
it follows that T„ and Wn are different iable functions of /3 (w.r.t. the operator norm 
topology) with uniformly bounded derivatives. And hence also Qn and ip(n,m)- We have 

h+h=l ^' ^' 
It is straight forward to verify that for all I < k, 

II n' 4~^ii < c 

To see this we note that taking inverses is a differentiable mapping with respect to the op- 
erator norm topology, the first k derivatives of T„ and Wn with respect to /3 are uniformly 
bounded, and (l93l) . Since 



DpWnlf^ = [ -^ + dzWndpe[^n,oo) 



(/3,e(„,oo){/3)) 



it is clear that if we can show that for /, /' < k 

||a;,arW^„(/3,e(„,oo)(/3))||<|^, (96) 

it will follow that for I < k, 

WD^piQn - Xp)\\ < §^. (97) 

The Cauchy integral formula gives 
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If 1 2; I < 1/2 — e. Since e(„,oo) £ -Dsp/g we obtain from (|1 



(a^9^M/„)(Ae(„,oo)(/3)) 



(Qi^o 



2^+1(1/2 _5p/8)''+i - 2"' 
Thus we have shown (1971) . Using this inequahty we find for I < k, with p = m — n + 1, 

\\D'p{ijin,m+l) - i^in,^))\\ = \\ D'^Q nT;Q n+l ■■■ Q,n-lT;iQm ~ XpM (98) 

n 



J2 liDlQn)r; ■ ■ ■ {D'f'Qm-l)V;{D'^p{Qm - XpW 



iml:\i[ 



m—1 

< {m — n + 



1)' n (l + ^j ^ ^ (m + iyC2-exp(C5^2-) 



This imphes that ip{^n,m)[w{l3)] — )■ ^(n,oo)[wi(/3)] converges uniformly in C^(M) for any n. 
Since 'ip[n,n) = ^, it follows that 

oo 

||^(n,oo)||c^(M) < 1 + Ce^^ Y.^rn + 1)^=2-™. (99) 

m=0 

Now (d) follows. 

To show (e) first observe by Theorem [22] (g. z, (3) h-)- u;(")(s, 2;, (5) = lZ^{w{s, /5))(-2) is in 
C^'''(5 X Di/2 X R; Wf ). It follows by dMD that J-^ G C^'''(S x D1/2 x M). Thus e^n,m) e 
C^' (S* X R) = C^(S'; C^(]R)). It follows from the uniform convergence established in (d) 
that e{n,oo) G C^{S] C^(]R)). It now follows from the bound in Theorem [7] and the chain 
rule that Hn[w], Wn[w] are in C^' (5 x M; BiT-ircd)) ■ Since Hn[w] is bounded invertible on 
the range of Xp it follows from the bound (1931) that Q„[w] G C^' {S x R;fi(?^red))- Thus 
4'{n,m) G C'b (5' X R; 'Hrcd) — C%{S; C^(R; ?^red))- By the uniform convergence estabhshed 
in ([98]) it follows that ^(„,oo) e C^(5; C^(M; ?/,cd))- 

8 Contraction Estimate 

In this section we prove Theorem [201 By Lemma [23] we know that there exists a constant 
Cg which is greater than 1 such that for w G B^*'''\p/32,5p/8, p/32). We have 

max P^t;^,p,„,Jw /3 II* <Ce( — ) [[ '^y== • (100) 

o<i<k '^ - - \P J jJl VpiW 

The crucial point of equation f llOOp is that p^^ occurs to a power of at most L — 1. This 
allows us to prove Theorem [20] using similar estimates as the proof of Theorem 38 |16] . 
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or Theorem 3.8 in [2]. There is an additional coniphcation due to the /3 dependence 
of the reparameterization of the spectral parameter. We introduce the constant D^ = 

Let < p < {kWQCeDkCly^, < ^ < min(l/2, (grC^Dfc)-i/^), and < eo < 



minf:^ 



32' 15fc8'=+ife!C^-''' 

We assume that w G B^^\e,5i,52) with 6,81,82 G [0,eo). Then the following estimates 
hold. 



Step 1: We have 



i-o ( \ iiC^) ^ II iiC^) 

\Tip{w)>2\\\ < ^\\W>2\\\ ■ 



By definition {lZpw){l3,z) = 7lf{w{f3,Ip{f3,z)). Taking the derivative with respect to 
/9 we obtain 



k=ipW,z) 



+E(1) E^Jr^4X*HAC))n*'w,-)l ^^, -(101) 

p=i V-^/ xePp xex C-Jp(/^,^) 

Let us first estimate the first term on the right hand side. To this end let u G -Di9p/32- 
Then w{f3,u) G B^*'''\p/32,5p/8, p/32) as the following estimate shows, 

\\wo,o{-,u)\\ck(M.') < \\wofi{-,u) + u\\ck(M:) + \u\ < 5p/8. 

By dSSD we find for M + A^ > 2, 

\\d'pn*{w{p,u))M,N\\* 

CO L ^ \ y \ 

< E E p'-'^'-'-n^'^'OC'o^")"^^"— ''""("-"Mil* 



\m\=M,\n\=N,mi+pi+ni+qi>l 
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Inserting this below and using f llOOp . we find with r := 16/p, 

# 



d^^{n*{w{f3,u)) 



>2 

{M+N) 



V r^''+^^ max ||47^#(^(/3,«))M,iv||# 

■^^^ 0<Kfc " ^^ f' " " 



Af+Af>2 
oo 



E 



p-" (2p)l='l+l"l (2f)-lH+l»l)c^^i-i 



|m| + |n|>2,mj+p;+n;+g;>l 



n 

1=1 



m + pi\ frii + qi\ maxo<z'<fc ||9^'m 



Pi 



qi 



^I3"^rrn+pi,ni+qi 



W,u)\\ 



# 



\/Vik^ 



c, 



^^ppfE-^ E 



X 



n 

1=1 



L=l {rn,p,n,q)&i'^^: 

mi+pi+ni+qi>l 



fT^l+Pl\ (ni + qi\ p^j^q^^_(mi+ni) ^-(rni+pi+ni+qi) 

Pi )\ qi ) 0<l'<k 



<:Pl+gin-("ii+ni)(:-(m,i+pi+ni+qi) ™„„ \\f)^ in 



i(3,u)\\ 



# 






L=l 

oo 



E 

.m,+p+n+g>l 



m + p\ /n + g\ _,_g (^_^_„N _(^_^p^^_,_g-) 



p J \ q J 



max ||9jj«;„+p,„+g(/3,M)|| 

0<l<k 



# 






n L 



5^r^'+'=)max||9;;^,,(/3,t.)||# 



< 



G 



L=l U+fc>l 

oo 



0<l'<k 



^e 2 V^ 

-tp 2^ 



T W>2 



\{k) 



L=l 

<8C0p\\w>2\\f 



? ' 



(102) 



\^\=18p/32 (/^ - 0'+^ 



where in the third last inequality we used the binomial formula and < ^ < 1/2 and 
we used t||w>2||c < 1/2 in the last inequality. Now we estimate the terms involving 
derivatives with respect to (. By Cauchy we have for ( G U[w] C Dnp/32 

Using this and (11021) . we obtain the bound 

Now by Lemma [2l] we know that ioi 1 < I < k there exists a finite constant Ck such that 

sup |4/,(/3,^)|<Cfc^. 



\{k) 
k 
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This and fllOip imply that the p's cancel out. Collecting the above estimates we arrive at 
the bound 

\\{npw)>2\\f < k\8CepDkC',\\w>2\\f\ 

Step 2: 

sup \\dr{'RpW)ofi{z) - l||cfe(IR;Cs[0,l]) 

1 1 

< sup \\drWo^o{z) - l\\ck(u-CB[o,i]) + -; sup \\wo,o{0,z) + z\\ck(^R) + -\\w>i\\f\ 
zeDi/2 4 2GD1/2 4 

By fl59l) we have 

9,(7^p^/7(/3))o,o(^,r) - 1 = {drWo,o)W,W,z), pr) - 1 + drT[w{P,I,{P,z)]{r), (103) 
where we defined 

i=2(p,g)GN2i: 

We need to estimate the derivative with respect to p. For the first term in (11031) we find 
for 1 < / < fc, using f lT20|) 

D'p{drWo,o){f3,Ip{f3,z),pr) (104) 

= d^p{drWo,o){f3,Ip{f3,z),pr) 
' 'I 



+ E L E ^Jr^^f (^^^o,o)(/3,C,pr)|c=w.) n 5?^P(A^)- 

p=l VP/ XGPp 3;GX 

We use analyticity, Cauchy, and that C, = Ip{f3, z) G -D3/8 to estimate the derivatives with 
respect to the spectral parameter. We have 

^C {{drWo,o){(3,C,pr) - 1) = hm-— / -—- dp. 

»?40 2m J\p\=i/2-n [P - C)^ 

This yields for l<Z<A;orO</<A; and 1 < s, 

|5H'(^-^o,o)(/3,C,pr)|<8^s!a, VC G Z^g/s, (105) 



where a := ||9r.Wo,o — 1 II c'^(M;Cfl [o,i]) Using estimate (llOSp and the estimate of Lemma [2 
to bound the last line of (I104p we find 

sup \D'p{{drW^^^){l3Jp{l3,z),pr)-l)\ (106) 

0<l<k 

< \\drWofl - l||c"=(R;Cs[0,l]) + Dk8^k\C^a\\wofl{0, z) + ^llcHK)- 
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The second term in fllOSp is estimated as follows. For u G -Di9p/32 and < / < /c we 
estimate 



Pi+qi>'2 



L=2 



5^r(^^'^^max||a;;«;,,,(/3,n)||# 



.p+g>2 



0<i'<« 



, C'eM v^ r II II (fc) 



16 



L=2 



l« 



16 






(fc) 



(107) 



where in the last estimate we used T||if>i||i < 1/2. Now using a contour estimate as in 
Step 1 one can show that 



16 



\\D'pdrT[{w{(5J,{P,z))]\\cyoM < k\^erClD4w>2\\f\ 
Now estimates flT06|) and flTOHj) yield Step 2. 



Step 3: 



1, 



sup ||(7^p'u;)o,o(2,0) + 2;||cfc(R) < Tlk>i||J 



(fc) 



:io8i 



By ( l59l) we have 

(7^pw(/3))o,o(^, 0) + ^ = T[w7(/3, /,(/?, z))m. 
We estimate for m G -Di9p/32 and < / < A; the same way as f ll07p 

As above one calculates the derivative with respect to /3 and estimates the derivatives 
with respect to the spectral parameter using a contour integral as in Step 1. As a result 

sup ||(7^p7l;)o,o(^,0) + ^||cHM) < k\%''TClDk\\w>2\\f\ 

Step 3 now follows. 
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9 Main Theorem 

In this section, we prove Theorem [H the main result of this paper. Its proof is based on 
Theorems [ini and ESI 

Proof of TheoremUi Choose p, ^, eo such that the assertions of Theorem |25] hold. Choose 
go such that the conclusions of Theorem [TO] hold for 6i = 62 = S^ = eo/2. Let g G -D^g. 
It follows from Theorem [25] (a) that 'ip(^o)[w^^\g, (3)] is a nonzero element in the kernel of 
i7^ o(e(o)[w*-°-'(5', /3)]). From the Feshbach property, Theorem [29l it follows that 

Ma) ■■= QM9^(^^Ho)[^^'\9,mM)[w^'\9,(3)], (109) 

is nonzero and an eigenvector of Hg^js with eigenvalue E^^g) := E.^t + e{Q)[w^^\g^ /?)]. 

By Theorem [TO] we know that g ^-)■ w^'^^g, ■, ■) is an analytic Wc -valued function, 
with values in the ball B^''\eo/2, eo/2, eo/2). By Theorem [25] (d) it follows that the func- 
tions g ^ Ml'^^'Kg, ■)] and g ^ E^.){g) are in C%{Dg,; C^(M; J")) and C%{Dg,; C^(M)), 
respectively. From Theorem [TO] we know that the function {g,z) 1— )■ Q^ii){g,-,z) is in 
C%{Dg,^ X Di/2]C^{R; Binned] y-)))- It now follows from f[T09|) that g ^ ^(■){g) is in 
^b(-^9o5 ^b^'^ ^))- -By possibly restricting to a smaller ball than Dg^^ we can ensure that 
the projection operator 

"^'^'^ - {M9),M9))^ ^''°^ 

is well defined for all [g, /3) G -Df,,, x M, which is shown as follows. First observe that the 
denominator of (11 10!) is for each /3 an analytic complex valued function of g. By Theorem 
[25] (c) we have {ipp{0), ipp{0)) = 1. If we estimate the remainder of the Taylor expansion 
of the denominator of f lllOp using analyticity and the uniform bound on ^(.), it follows, 
by possibly choosing go smaller but still positive, that there exists a positive constant cq 
such that \{4'i3{g),'ipi3{g))\ > Cq for all \g\ < go. Using already established properties of 
i)l3{g), it follows from ([110]) that g ^ P(.)(^) is in C%{Dg^; C'^{R; B{H))). li g e Dg^ n M, 
then by definition (IllOp we see that P/3{g)* = P/3{g)- The kernel w^^\g,l3) is symmetric 
for g G Dgg fl M, see Theorem [TU] Exactly the same way as in the proof of Theorem 1 in 
[T7] one can show that Ep{g) = mi a^Hg^i^) for real g G Dg^ fl M. D 

Proof of Corollaryl^ We use Cauchy's formula. For any positive r which is less than go, 
we have 

E';' = ^ [ ^dz, <) = -L / tMdz, Pf^ = ±[ ^dz. (Ill) 
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The first equation of (11 111) implies tliat (3 h-)> EI^ is in C^(K) and tliat Hi?/" ||f7fc(i[j) < 
r""||£'(.)||(;;^(-£,_^ ;C'=(R))- Similarly we conclude by f illip that ^jj^ and P^" are as functions 
of P in C^(R;'H) and C^(R; i3('H)), respectively, and that there exists a finite constant 
C such that ||V'(^ IIc'=(M;-h) — Cr^"^' and HP? ||c'=(M;B(w)) — Cr~^. Finally observe that 
{—l)^Hg^p{—l)^ = H_g^p where N is the linear operator on J-" with A^ \ J-'*^")(f)) = n. 
This implies that the ground state energy Ep{g) cannot depend on odd powers of g. D 
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Appendix A: Elementary Estimates and the Pull-through 
Formula 



To give a precise meaning to expressions which occur in ([8]) and ( TT9I) . we introduce the 
following. For ip & J-' having finitely many particles we have 



{ fri -I- 77, ) ' 

[aiK^)■■■aiKrn)^liKm+l,...,Km+n) = y ^ ^, ^' i^m+n{K^,...,Km+n), (112) 

for all Ki, ..., Km+n £ W^ '■= IR^ x ^2, and using Fubini's theorem it is elementary 
to see that the vector valued map {Ki, ...,Km) i— > o-iKi) ■ ■ ■ a{Km)ip is an element of 
L^((R^)™'; J-"). The following lemma states the well known pull-through formula. For a 
proof see for example HH] . 

Lemma 26. Let f : M+ -^ C be a bounded measurable function. Then for all /C G M^ x Z2 

f{Hf)a*{K) = a*{K)f{Hf + uj{K)), a{K)f{Hf) = f{Hf + u:{K))a{K). 

Let Wm,n be function on ]R_|_ x (M.^) with values in the hnear operators of "Hat or 
the complex numbers. To such a function we associate the quadratic form 

«-„,. (V, t) := j|__,,^.„. p;;;;^ {a{K""^P, w,„M, K<""MK"''M-) . 

defined for all (p and ip inTi respectively J-", for which the right hand side is defined as a 
complex number. To associate an operator to the quadratic form we will use the following 
lemma. 
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Lemma 27. Let X = M^ x Zo. Th 



2- men 



\QwmA'fi^^)\ ^ lkm,n||8l|</'| 



:il3) 



where 



Wr^ 



^j^(m,n) 



sup 



X' 



, |/<'(m,n)|2 "3 



'=1 7=1 

Proof. We set P[ir(")] := nr=i(^/ + S[^'])^^^ and insert I's to obtain the trivial identity 

The lemma now follows using the Cauchy-Schwarz inequality and the following well known 
identity for n > 1 and G J-", 

2 



(^^W|;^(n)| 



X" 



n [i// + s[ir«r^^^(ir 



'/'.r?<-w^ 



\Pn<pr, 



(114) 



where P^ := |r2)(r2|. A proof of flll4p can for example be found in [12] Appendix A. D 

Provided the form qwm,„ is densely defined and ||wm,„||jj is a finite real number, then 
the form g«,„„ determines uniquely a bounded linear operator H.m ni'^m,n) such that 

for all (p,tjj in the form domain of qw„^,„- Moreover, \\H_m,ni'^m,n)\\ < Hw^m.nlltJ- Using the 
pull-through formula and Lemma [271 it is easy to see that for w^^\ defined in fl20l) . with 
m + n = 1,2, the form 

is densely defined and bounded. Thus we can associate a bounded linear operator Lm]n 
such that qm!n{^,4') = {^, Lmlnip)- This allows us to define 



^^,n«l) := LliliHf + l)^('"+")(-A + l)i 



01^m-\-n 



as an operator in Ti. 
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Appendix B: Smooth Feshbach Property 

In this appendix we follow [21 |9]. We introduce the Feshbach map and its auxiliary 
operator and state basic isospectrality properties. Let x ^i^nd x be commuting, nonzero 
bounded operators, acting on a separable Hilbert space % and satisfying x^ + x^ = 1. A 
Feshbach pair {H, T) for x is a pair of closed operators with the same domain, 

H,T : D{H) = D{T) dU^H 

such that H,T,W := H — T, and the operators 

W^ := xWx, W^ := xWx 

defined on D{T) satisfy the following assumptions: 

(a) xT C Tx and xT C Tx, 

(b) T, H^ : D(T) fl Ranx — )■ Ranx are bijections with bounded inverse, 

(c) xH^^x^X • D(T) C H — 7- H is a bounded operator. 

Remark 28. By abuse of notation we write H^^x ^or {H-^ \ Ranx) X and likewise T^^x 
for (T t Ranx)"^X- 

We call an operator A : D{A) G 7i ^ 7i bounded invertible in a subspace V cTi {V not 
necessarily closed), if A : D{A) fl V — )■ V is a bijection with bounded inverse. Given a 
Feshbach pair {H, T) for x, the operator 

F^{H, T) := H^ - xWxH^'xWx (115) 

on D{T) is called the Feshbach map of H. The auxiliary operator 

Q^ := Q^iH, T):=x- xH^'xWx (116) 

is by conditions (a), (c), bounded, and Q^ leaves D{T) invariant. The Feshbach map is 
isospectral in the sense of the following theorem. 

Theorem 29. Let {H,T) be a Feshbach pair for x on a Hilbert space Ti. Then the 
following holds, xkerif C ker F^(iJ,T) and Q^kei F^{H,T) C kei H . The mappings 

X-.keiH ^ ker F^ {H,T), Q^ : ker F^ {H,T) ^ ker H, 

are linear isomoporhisms and inverse to each other. 
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The proof of Theorem [29] can be found in [21 [9]. The next lemma gives sufficient 
conditions for two operators to be a Feshbach pair. It follows from a Neumann expansion, 

Lemma 30. Conditions (a), (b), and (c) on Feshbach pairs are satisfied if: 
(a') xT C Tx and xT C Tx, 
(b') T is bounded invertible in Ranx, 
(c') WT^^x^xW < 1; llx^^'^xll < 1; andT~^xWx i^ o, bounded operator. 



Appendix C: Function spaces 

Let (X, II ■ ||x) and (Y, \\ ■ ||y) be Banach spaces. By B{X, Y) we denote the Banach space 
of bounded linear operators from X to Y. We set B{X) := B{X,X). Let {M,fi) be a 
measure space. We say that a function / : M — )■ X is measurable if there exists a sequence 
(/jOjeNo of simple functions from M to X, such that \\fj{rn) — /(m)||x — )■ as j — )■ oo, 
for a.e. m G M. We define L°°{M;X) to be the Banach space of measurable functions 
from M to X with norm 

||/||l-(M;X) :=ess sup ||/(m)||x. 

meM 

Let [a, b] be a closed interval of M. For p G No we define the space C^la, b] to be the space 
of functions / : (a, 6) — )■ C such that for all q = 0, ...,p the partial derivatives Off exist 
and are uniformly continuous on bounded subsets of (a, 6). We define the norm 

11/llc.M := max sup \d^J{r)\ (117) 

0<q<Preia,b) 

By C^[a,b] we denote the Banach space with norm || ■ ||(7P[a,6] which consists of elements 
in C^[a,b] for which the norm || ■ ||cp[a,b] is finite. We denote by C^(M;X) the space of 
strongly (w.r.t the norm in X) fc-times continuously differentiable functions. The norm 
is given by 

ll/llc*(M;X) := max sup ||(9^/(a;)||x. 

0<s<k ^,g]R 

Let C^(M; X) denote the set of functions / in C'^(M; X) for which the norm ||/||cfc(M;X) is 
finite. Let ?7 C C" be a domain. We define the space C"^(t/; X) to consist of all strongly 
analytic functions / : t/ — )■ X. We define the norm 

C"{U;X) :=sup||/(z)||x. 

zGU 
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By C^(f/; X) we denote the Banach space with norm || ■ ||c"(t/;X) which consists of elements 
in C'^{U; X) for which the norm || ■ ||c''^(t/;X) is finite. We define the space C^'^iU x M; X) 
to consist of all functions / : f/ x M — )■ X such that all partial derivatives (9^(9*./, with 
/ G No, I < k, i = 1, ..., n, and t = 0, 1, exist and are continuous. We define the norm 

||/||c".fc(t/xR;X) :=supmaxsup||(9^/(2;,a;)||x. 

By C^' {U X M; X) we denote the Banach space with norm || ■ \\c'^(uxR;X) which consists 
of elements in C^{U x R; X) for which the norm || ■ ||c"((7;X) is finite. In the case where 
X = C we will drop the X dependence in the notation. We introduce the Polydiscs 
Dl = nr=i Dr, with r e (0, cx))". 

Lemma 31. We have the canonical isomorphism of Banach spaces 

C^'^(D, X M; X) = C^iDrj, C|(M; X)). (118) 

Proof. Let / G C^' {Dj^ x ]R;X). Then for every a; G M the function z ^-)■ f{z,x) is 
analytic on D^ and bounded. Thus for e > sufficiently small 

f{z,x) = ^Cnix)z- 
n 

with 



c„(a:) = — V/ 44^TT^C 



i=i 



where the integral is a strong Riemann integral in X and we used the notation \ = (1, ..., 1) 
and e = e\. It follows that ||c„||cfc(]f5.x) < YYj=i ^j "'' ||/||c;".fe(DrxR;X)- This implies that the 
function f : z ^ f{z, ■) is in C%{Dr;, C|(M; X)). Moreover, 

sup \\f{z)\\c%(R:X) = sup maxsup||9^/(z,a;)||x = \\f\\c^,'^(DrxR;X)- 
Now suppose g G C%{Dr;, C|(M; X)). Then 



with 



'Hfidc. 



{2mY J^^__^_ C ^^^ 
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where the integral is a strong Riemann integral in C^(]R; X). It follows that 



\\an\\cHR;X) < JJ ^J ''' ll^llc-(D.;C|(R;X)) • (119) 

We define 

g{x,z) := ^a„(x)z-. 

n 

It follows from (^W) that g E ^^/{D.^ x M; X). Moreover, 

WgWc-'HDrxR^x) = sup maxsup||(9^5^(z,x)||x = sup \\g{z)\\ck(^si.x)- 
zeDr 0<«<fc xeR zeDr 
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Appendix D: Faa di Bruno's Formula 

Let Pn denote the set of all partitions of {1, ...,n}. Then 

(/o^)(")= $:/^™°^n^^'^'^ (120) 

where |X| and |x| stand for the cardinality of the sets X and x, respectively. 

Appendix E: Uniform Convergence 

Let (so, /3o) G S X M. Then for every e > there is an open set U G S x K. containing 
(so, /3o) such that 



sup max \\diw{l3,s) — diw{so, l3o)\\f < e. 

(/3,5)Gl/ o<'<'= 



This implies 



sup max \\dlw{(3, s)m.n\\* < max \\dlw{so, /3o)m,n||* + ^'"+''e =: E^^r. 



By Lemma 



suP(,,.),^ max ||9;,t;^,,,„,J^(/3,.)]||# < Cz^t-^^^ H %±^, (12i: 
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where we used the notation introduced in that lemma. We estimate 

oo 

5Z 5Z Yl ^-H-Npl^l+N (122) 

Af+Af>0 L=l (m,p,n,q)€Nf,^ 

\rn\=M,\n\=N 
mi+pi+ni+qi>l 

^ n { [p^ ^) [ q^ * ) r SUP(/3,s)eC/ max \\d^^Vrn,p,n,q[w{/3, s)]\\* 
oo 

L=l 

where we used Eq. (11211) and the definition 

^ \ P )\ q J^ ^' ^ ^ VpW- ■ 

m+p+n+q>l \ ^ / \ '^ / WFH 

Below we will show that 

G< ||w(so,-)>i||f'*^ + el6e^ (123) 

Since t~^G < 1 for e sufficiently small Inequalities (I123p imply the convergence of (I122p . 
for small e. To show (I123p . we will use the following estimate 

^ ^"^ + pVp(i/2)- 1 < ^ ('^+^Vl/4)^(l/2)™e««^=4e««^<4e^ (124) 

where in the first inequality we used the trivial estimate {IQ^'^Y /p\ < e^^^ . Now (I123P is 
seen by inserting the definition of -Em,n into the definition of G. This yields two terms, 
which one has to estimate. The second term, involving e, is estimated using (I124p . and 
the first term, involving Wm,n{so, (3o), is estimated using the binomial formula, i.e., 

m+p+n+q>l ^ ^ J \ H J 

= J2 (e + l/2)*(e + l/2)^r^-^'max ||9>(/3o,So),,||. 

Appendix G: Differentiability 

Lemma 32. 

(a) The mapping 

^^,,,B,£[-] awf )^ X (Wo* )^+^ ^ W|l|,|^| 

{Wi,...,Wl,Go,...,Gl) ^ Vrn,p,n,q[Wl,...,WL,Go,...,GL] 
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defined by 

Vrn,p,nAw^, ...,wl, Gq, ..., GL]ir, K^\ni\M)^ ,= 

I L 

Q, GoiHj + p{r + Fo)) J] {w^^r N(P(^ + n), pi^^'"'^)^^/// + p{r + n))} ^ 

1=1 

is continuous and multilinear, 
(b) The following mapping is in C°° . 

{iGWo*o|mf,,[,|,i]|t(r)|>e} ^ W*, 

t ^ ^ 
t 

Proof, (a) Using fl65|) we find 

ess sup sup \vm,p,n,g['Wi, ■■■,u!l,Go, ...,GL]{r,K^^-^'^-^'>)\ 

Kdial'liil) r-e[0,l] 

L L 

<nesssup sup ||H^p'","M(^,^^"'""'^)llop,nil^'ll^[M- 

To estimate the right hand side we use 

ess sup sup ||W™'"H(r,ir^"''"^)||op < ' ' ^^ (125) 

Inequahty f ll25p can be shown using Lemma [271 and flT2l) . Next we calculate the deriva- 
tive with respect to r. To this end first observe that using Lemma [27] and dominated 
convergence one can show that for a.e. K^"^'^^ the partial derivative drWI^^"[w]{r, i^(™'")) 
exists and equals WI^'"'[drw]{r,K^"^''^^). Using Leibniz we obtain 

drV^,p,nAwi, ..., WL, Go, ..., GL]ir, K(H.I«I)) = 

2L+1 

Using again 1^5^ and fll25p to estimate this we find 

L L 

\\Vrn,p,n,q[Wl, ...,Wl, Gq, ..., G l]\\* < JJ \\wi\\f JJ \\Gl\\*. 

1=1 1=0 

This yields (a). 

(b) It is straight forward to verify that the mapping t i— ;■ xf,/t is differentiable with 
derivative —xfy/t"^, see [l6j Lemma 36 (b). Using the product rule one can now show 
iteratively that the function is in G°°. D 

51 



References 

[1] W. K. Abou Salem, J. Faupin, J. Frohlich, I. M. Sigal, On the theory of resonances 
in non-relativistic quantum electrodynamics and related models, Advances in Applied 
Mathematics 43, (2009), 201-230. 

[2] V. Bach, T. Chen, J. Frohlich, I.M. Sigal, Smooth Feshbach map and operator- 
theoretic renormalization group methods, J. Funct. Anal. 203 (2003), 44-92. 

[3] V. Bach, J. Frohlich, A. Pizzo, Infrared-finite Algorithms in QED: the groundstate 
of an Atom interacting with the quantized radiation field, Comm. Math. Phys. 264 
(2006), no. 1, 145-165. 

[4] V. Bach, J. Frohlich, A. Pizzo, Infrared-finite Algorithms in QED. II. The expansion 
of the groundstate of an Atom interacting with the quantized radiation field. Adv. 
Math. 220 (2009), no. 4, 1023-1074. 

[5] V. Bach, J. Frohlich, I.M. Sigal, Renormalization group analysis of spectral problems 
in quantum field theory. Adv. Math. 137 (1998), 205-298. 

[6] V. Bach, J. Frohlich, I.M. Sigal, Spectral analysis for systems of atoms and molecules 
coupled to the quantized radiation field, Comm. Math. Phys. 207 (1999), no. 2, 249- 
290. 

[7] J-M. Barbaroux, T. Chen, S. Vugalter, V. Vougalter Quantitative estimates on the 
Hydrogen ground state energy in non-relativistic QED . mp_arc 09-48 

[8] M. Griesemer, E. Lieb, M. Loss, Ground states in non-relativistic quantum electro- 
dynamics. Invent. Math. 145 (2001), no. 3, 557-595. 

[9] M. Griesemer, D. Hasler, On the smooth Feshbach- Schur Map, J. Funct. Anal. 254 
(2008), 2329-2335. 

[10] M. Griesemer, D. Hasler, Analytic Perturbation Theory and Renormalization Analy- 
sis of Matter Coupled to Quantized Radiation, Ann. Henri Poincare. 

[11] M. Griesemer, H. Zenk , On the Atomic Photoejject in Non-relativistic QED, sub- 
mitted. larXiv: 0910 .18091 

[12] C. Hainzl, M. Hirokawa, H. Spohn, Binding energy for hydrogen-like atoms in the 
Nelson model without cutoffs, J. Funct. Anal. 220 (2005), 424-459. 

52 



[13] C. Hainzl, R. Seiringer, Mass renormalization and energy level shift in non-relativistic 
QED, Adv. Theor. Math. Phys. 6 (2002), 847-871. 

[14] D. Hasler, I. Herbst, On the self-adjointness and domain of Pauli-Fierz type Hamil- 
tonians. Rev. Math. Phys. 20 (2008), no. 7, 787-800. 

[15] D. Hasler, I. Herbst, M. Huber, On the lifetime of quasi-stationary states in non- 
relativistic QED, Ann. Henri Poincare 9 (2008), 1005-1028. 

[16] D. Hasler, I. Herbst, Ground state properties of the spin boson model, submitted. 



iarXiv: 1003.5923. 

[17] D. Hasler, I. Herbst, Convergent expansions in non-relativistic QED: Analyticity of 
the ground state, submitted. IarXiv : 1005 . 35221 

[18] F. Hiroshima, Self-adjointness of the Pauli-Fierz Hamiltonian for arbitrary values of 
coupling constants, Ann. Henri Poincare 3(1) (2002) 171-201. 

[19] M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of 
operators. Academic Press, New York-London, 1978. 

[20] M. Reed and B. Simon, Methods of modern mathematical physics. II. Fourier- 
Analysis, Self-Adjointness, Academic Press, New York-London, 1978. 

[21] S. Schweber, An introduction to relativistic quantum field theory. Foreword by Hans 
a. Bethe. Row, Peterson and Company, Evanston, Ill.-Elmsford, N.Y. 1961. 



53 



